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TOM TAT

Mot trong nhiing huéng nghién cifu co ban clia Iy thuyét dinh
tinh phuong trinh vi phan la nghién ciu sif 8n dinh cba nghiém,
vi né ¢6 nhiéu Ung dyng trong thuc tidn.

Dé nghién citu tinh 8n dinh nghiém ctia phuong trinh vi phan,
ta thudng diing hai phuong phip co bn la phudng phap xap xi
thit nhét Lyapunov va phudng phép thit hai Lyapunov (hay con
goi la phuong phip hdm Lyapunov).Phudng phép ham
Lyapunov dugc 4p dung nhiéu trong vi¢c nghién citu dinh tinh
cdc hé vi phan, nhat 1a cAc hé phi tuyén. Tuy nhién, viéc x4c dinh
him Lyapunov néi chung la khé. Vi viy, dé nghién citu sy 6n
dinh cia mét s6 phuong trinh vi phin, ngudi ta cén s dung
phuoug phdp xap xi thit nhil Lyapunov.

Tit khéa: 6n dinh, tré.

ABSTRACT

One of the basic research directions in the theory of differential
cquations is to study the stability of the solution, since it has
many practical applications.

To study the stability of the solution of differential equations,
we use two basic methods, the first approximation method of
Lyapunov and the second one (or Lyapunov method).
Lyapunov method is widely applied in the qualitative research
of differential systems, especially nonlinear systems. However,
defining the Lyapunov function 1s generally difficult. Thus, to
study the stability of some differential equations, we often use
the first approximation method Lyapunov.

Key words: stabulity, delay.

Nguyén Thi Lan Hueng: Khoa Khoa hoc cd ban - Trudng Da
hoc Mo-Dra chdt

Nguyén Thi Lan Huong

NOI DUNG

1.5Y ON DINH CUA HE VI PHAN TUYEN TINH

1. CAC KHAI NIEM CO BAN CUA LY THUYET ON DINH
Xét hé phuong trinh vi phan thuéng

S fenyee U =12 0 (1)
trong 86 t1a bién Adc ap (thefi glan);yr, . yala ce ham cdn tim, ;13 céc
ham xdc dinh trong mét ban try

T=1 X0yl ={tg <t < +oo} (1.2)
v D, 1A mot mién md thudc R, 0 ddy to la mot s8 hodc ().
Déngdn gon tagor hé (1.1) 13 hé “ phan,
Dudn dang ma tran - vecta, ta cé S =F@Y).
Gia thiét thém rdng: hdm vecto F(v Y) trong mién T lién tuc theo t va ¢6
cdc dac ham riéng c8p mot theo cdc bién yy, ... yo lién tuc.
Bfnh nghia 1.Nghiém z = 2(t) (a < t <o) cba hé (1.2) duoc goi 13 6n dinh
theo Liapunov khi t — +< (hay ng3n gon la n dinh), néu véi moi £> 0
VA L (3, ), 16N 131 § = (€, to) > 0530 cho:
1) T8t ¢d céc nghiém ¥ = Y(t) ¢0a hé (1.2) (bao gém ca nghigm Z(1)) théa
man diéu kién: [[Y{te) - Z(ta)]| <8 (1.3) xdc dinh trong khong te< t < oo.
2) D3I véi cac nghiém nay, bdt ddng thire sau uoc théa man: |[Y(1) -
Z{0)|| <g khi tost <o (1 4)
Dinh nghia 2.N&éu s8 5> 0 c6 thé chon khong phu thuéc vao diéu kién
ban dbu toc G, tuc 13 5 = 3{g) thi 8n dinh dugc gol 13 6n dinh déu trong
mién G
Djnh nghia 3.Nghiém Z = Z(t) (a < t < =) duoc got 13 khdng 6n dinh theo
Liapunov, néu véi &> 0, boe (a. o) ndo 46 va véi mgi 8> 0 ton tai nghiém
Y,(1) (it nh3t 13 m61) va than diém 1 = 1(3) > 1o 530 cho
1 Yslte) - ZUtal] <8 vas || Yalts) - Z{te) | 26
Dinh nghia 4.Nghiém Z = Z(1) (a < t < o) dugic got 13 8n dinh tiém c3n khi
t >+ néu
1) N6 6n dinh theo Liapunov va
2) V& mol toe (a, ) t8n tai A = Alta) > 0 530 cho mor nghlém Y(1) (e t <
) théa man diéu kién || Yelto) - Z(tl] <A s& 6 tinh chst im[1¥ (¢} ~
zl| =0 (15).
Dinh nghia 5.Gid sir hé (1.2) x4¢ dinh trong nifa khdng gian 0 = {to< t <o
}xA[IY]f < o). Néu nghigm Z = Z(1) (a < t < ) 6n dinh tiém can khit — e
V2 1dl ca cac nghiém Y = Y(t) (tos t < e, To> 3) déu €6 tinh chdt (1.5), tc J&
= ea, thi Z(t) duoc got 12 &n dinh tiém can toan cuc
Binh nghia 6.Nghiém Z = Z(t) (3 < t < o) cUa hé (1.2) Bugc go1 13 6n dinh
QUi tac dong cda ntiéu B(t, P) néu véI moi £> 0 v3 tye (2. =) 16n tal § =
e to) > 0 530 cho khi [|O(t, ¥) || <& tat ca cac nghiém ¥ (¢) cOa hé (1.6)
thda man diéu kién ||P(¢,)] <6 s& xdc dinh trong khodng [to, ) va ||V (£)-
Z(0)]] <€ VO LS t < .

2. TINH ON DINH CUA HE VI PHAN TUYEN TINH
Xét hé vi phan tuyén tinh
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ay, " N
2 =2 wOn+ O (=12..n) @21
=t
Trong a6 cac hé 56 au(t) va ¢3¢ s8 hang ty do 1) lien tuc trong khoing
(3, ), 6 day a c6 thé 13 mét 56 hodc ().
Dudi dang ma trén - vecta, hé (2.1) ¢4 thé viét
dy
P AY + F(t) (22)
trong 46 ma tran Ait} va vecto F(t) lién tyc trong khoang (3, =),
GI3 s X(t) = [w{t)] (derX(t) »0)
(23)
12 ma tran nghiém ca ban ca hé vi phan tuyén tinh thuan nhit tiong
ung

:—f =AY (2.4)
Dinh nghia 1.Hé vi phan tuyén tinh (2.2) duoc goi 13 6n dinh (hoac khang
$n dinh) néu tit ca cac nghiém Y = Y(t) cba né tuang ung &n dinh (hoac
khéng dn dinh) theo Liapunov khi t — +a.
Dinh nghia 2.Hé vi phan tuyén tinh (2.2) duac goi 1a én dinh déu néu tit
c& cdc nghiém Y(t) ciia né 6n dinh déu khi t - +eo d6i vén thdsi diém ban
du o (2, o).
Bjnh nghia 3.He vi phan tuyén tinh (2.2) duoc goi 13 6n dinh tiém can
néu 14t ci cc nghiém coa nd én dinh tiém can khi L - +eo,

MOT 56 KET QUA
Binh Iy 1.D1éu kién ¢n va AG A& hé vi phan tuyén tinh (2.2) 8n dinh vén
36 hang tu do bét ky F(1} 13 nghiém tdm thudng
o =0(t < £ <0).tg € (a,0)
cla hé thudn nht yang dng (2.4) én dinh
Djnh Iy 2.Hé vi phan tuyén tinh (2.2) 6n dinh déu khi va chl khi nghiém
tam thuding £ = 0 cia hé vi phan tuyén tinh thuin nhat tuong ung (2.4
8 dinh déu khit — .
Dinh ly 3.H¢ vi phan tuyén tinh (2.2) n dinh tiém c3n khi v3 chi khi
nghiém tdm thudng % = 0 ciia hé vi phan tuyén tinh thusn nhit tuong
Ung (2.4) n dinh tiém can khi t — 4o,
H¢ qud 1.He vi phan tuyén tinh 6n dinh khi It ra mot nghiém cda né én
dinh va khéng 6n dinh néu mot nghiém ndo d6 cia né khang én dinh.
Heé qua 2.H¢ vi phan tuyén tinh én dinh khi va chi khi hé vi phan thuin
nh3t tuong dng én dinh.
He qué 3. Diéu kién can va A0 & hé vi phan tuyén tiah (2.2) véi s hang
w do F(t) bat ky n dinh tiém cdn 12 hé vi phén tuyén tinh thudn nhst
twong Ung (2.4 n dinh
3, TINH ON BINH COA HE VI PHAN TUYEN TINH THUAN NHAT
Xét hé vi phan tuyén tinh thudn nhat
ar
=AY @)
trong d6 A(t) lién tuc trong khodng (3, ).
Djnh Iy 1.H& vi phan tuyén tinh thun nhit (3.1 6n Ginh theo Liapunov
khi va chi khi mdl nghiém Y = Y(t) (o t < =) cOa hé d6 bi chan trén nda
uC WS L < o,
Dinh Iy 2,Hé vi phan tuyén tinh thudn nhat (3.1) 8n dinh tiém can khiva
chi khi t3t ¢4 cAc nghlém Y = Y(t) cia né ddn 16 khang khi t — +es, tic
1o: i ¥(1) =0 (32)
Hé qud. Hé vi phan tuyén tinh én dinh tiém can se 6n dinh to3n cuc
4. 6N D)NH CUA HE VI PHAN TUYEN TINH VOI MA TRAN HANG
Xéthe Toav wn
trong d6 A = (34) 1a ma trgn hdng (n x n).
Djnh Iy 1. Hé vi phan tuyén tinh thuan nhat (4.1) véi ma tran hing A 6n
dinh khi v3 chi khi tt ¢ cac nghiém dac trung A= A{A) cia A déu 6
phén thuc khong duong
Re M(A) <0 (j=1.2,...n)
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v3 cac nghiém @3c tning ¢6 csc phan thuc bang khéng déu c6 udc co
bdn don.
Oinh Iy 2. Hé vi phan tuyén tinh thu&n nhat (4.1) vé1 ma trén héng A &n
dinh tiém c3n khi v3 chi khi t8t ci cac nghiém dac trung &, = AdA) cia A
éu c6 phdn thuc am, tuc 3

Re MA) <0 (=1,2....,n)
11. SY GN DINH CUA PTVP TRONG KHONG GIAN HILBERT
Gid su H 1a khdng glan Hilbert tich duoc

D={(t.x) € (@, b) X H: |t - to] S T;[|x - || st}

Xét phuang trinh vi ph&n-? = f(t.x(®) (21)
trong 46 t € R*;x c H;f. D—H la mot ham lién tuc thda man f(t.0) = 0 va
{hda man diéu kien Lipschitz, tuc 14 tén tai L > 0 sao cho:

V6 Mo {t, xi). (L %2} & D thi |[f(t, x:} - (£, x2)]| s Llpxs - x| |-
Kyhieu: G={xxeH |IX|Shsr< o)
x(1) = X(t, to, %) 13 nghiém cia phuong trinh (21)

thda man diéu kién ban ddu x(to) = % (€ G)
Dinh nghia 1.Nghiém tim thuding x(t) =0 cia phuong trinb vi phan (2.1)
dudc got 13 6n dinh theo Liapunov khi t — +e0 néu

Ve> 0, toe R 38 =8 (to, €) > 0' V¥ x0€ G- [[xo]| <5 ||x(L, to, )] <€V t
2t
Djnh nghia 2.Nghiém tam thudng x(t) 0 clia phisang trinh vi phan (2.1)
duoc go 1a 8n dinh déu theo Liapunov khi néu s8 8 trong dinh nghla 1
khong phu thuéc vao o
Dinh nghia 3.Nghiém t5m thuding x(t) = 0 ctia phuong trinh vi phan (2.1)
duoc goi 13 8n Ginh uém can khi t — v néu:
1) Nghiém t4m thuéing x(t) = 013 6n dinh;
W) Tén tai A = Altd) > 0 sao cho véi moi xee G VA ||xal| <a thi
Jim [1x(e.to, x0)1] = 0
Binh nghia 4Nghiém tdm thuding x{t) w0 cia phuong trinh vi phan (2.1)
Auoc gol |3 8n dinh Gém can déu néu:
1) Nghlém x(t) = 0 12 én dinh 8éu;
1i) Tén ta1 A> 0 (khong phy thuge vao to) sao cho véi mol xee G va |||
<Athi

Jim ix(e,to.x0)l] = 0.

Binh nghia 5.Nghizm t3m thudng x(t) = 0 cia phuang trinh vi phan (2.1)
duac goilaén dinh mi khi t — o néu mol nghiém x = x(t, b, X} cVa (2.1)
thda man
JIx(t, to, x0)]| < B.]xe]] &
Trong 46 B, a 1 hing 56 duang nao dd khdng phu thudc vao (t, Xo).
1. SU ON DINH CUA PTVP THEO PHUONG PHAP HAM LYAPUNOV
Dinh nghia 1.Ta né1 phiém ham V' R* x H— R* 13 phiém ham Lyapunov
néu nd lién tyc va thodn man aiéu kién Lipschitz theo bién thir 2.
Bao ham phai cia V doc theo nghiém cua (2.1), ky hiéu 13 V{t, x) duoc
x4c dinh béi

VL= lim (V[ +hox +hf(6,0)] - V(Ex)
Ky hiéu CIP- Ho cd¢c ham t3ng, én tuc. xac dinh duang.
Binh Iy 1.G:d sir t6n tar phiém ham hén tyc Lyapunov V: RXH —R* va
ham a() < CIP thda man cic diéu kign

NV, 0 =0

i) a(|[x[}) = V(tx)

iipviL=0
Khi d6 nghiém tam thudng x = 0 cUa phuong trinh (2.1) 13 8n dinh.
Dinh Iy 2.Gié sif t6n tai phiém ham lién tuc Lyapunov V: R'xH —R* va
cdcham a(), b() € CIP thda man cac diéu kien

1) alffx|D = V(Lx) < b(||x]y

WVtx<o
Khi 86 nghiém tém thudng x = 0 ctia phuang trinh (2.1) 1a 8n dinh déu.



Binh Iy 3.G14 s t6n tal phiém ham lién tuc Lyapunov V: R'xH R v
cdcham a(), b, () & CIP thda man cac diéu kign

1 3l < Vit s bl

iVt ) < ~c(lixly
Khi 86 nghiém tdm thudng x = 0 cta phuong trinh {2.1) 13 8n dinh tiém
can déu.
IV. SU GN DINH CUA PTVP TUYEN TINH VA TUYEN TINH €O NHIEU
TRONG KHONG GIAN HILBERT THEO PHUONG PHAP XAP XI THU
NHAT LYAPUNOV
1. MOT SO KHAI NIEM CO 8AN
Gi3 sif H I3 khdng gian Hilbert,

Trong H xeét phuong trinh 2 < A(c) (4.1)

GI3 st todn tls A{t) v6t mdi gia tn ¢G dinh ciia 1 12 mét todn tl tuyén tinh
gidi ndi va hdm toan tir At) lien tyc theo t khit > 0.
Do 86. phuang trinh (4.1) théa man diéu kién tén tai va duy nhit nghiém
véi bl toan glé tri ban dau, tat cd cdc nghiém cia phuang trinh nay déu
thac trién khong giél nd1 dugc trén nlra khoing ther gian vé han.

Trong L(H) ta xét phuang tinh¥ = AU (4.2)
trong 46 U{t) 13 ham todn tir 18y gia tri trong L(H). GI3 s U(t) 1a nghiém
<2 phuang tiinh (4.2) théa man diéu kién U(0) = |, khi 86 t6n tai ham
nguac U(t).

DAt W(t, ) = U(t)U™ (to) thi W1, to) duoc gor 13 todn ti Cauchy cda phuong
trinh (4.1) W{t, t) ¢6 tinh chat WL 1IW(L, L) = WEt, t). Nghiém cUa
phuong trinh {4.1) théa man diéu kién x(t) = % €6 thé viét duac dud
dang x(t) = W(t, te}xe.

Trong bruéing hop G4c biét, khi A = A, A eL(H), ta s& chi ra UQt) = e
Toan t ma e** dugc xac dinh nhu sau

©inh nghia 1.VS! A I3 1040t tuyén tinh gidi nér trén khong glan Hilbert
H, ta dinh nghla

o (tA)"
—".

eth =
véi méi t2 0. (Quy udc 6°=1)
Xét phuang trinh vi phan tuyén tinh trong khang gian Hilbert H.
R0 = AXU X0 € X, 120 {4.3)
véi A: H > H I toan 1 tuyén tinh gidi nor. Khi d6, e%x I3 nghiém cda
phudng trinh (4 3) thda m3n didu kién ban diu x(0) = xo.
Dinh Iy 1.Nghiém tam thung x = 0 cda phuang trinh (4 3) én dinh mu
néu mét trong cac ménh @é sau dugc thda man.
1) He*) < 1, & day rte*) 13 ban kinh phé cua todn tde*,
oA} (z € C:Rez < 0). .
2.5 6N DINH COA PHUONG TRINH VI PHAN TUYEN TINH €O NHIEU
TRONG KHONG GIAN HILBERT
G sl W, ts) = U{U(to) 13 108N 1 Cauchy cua phuong trinh (4.1). Dé
théy, néu ¢6 bt déng thic
W, t)]] £ Be<*™ (4.4)
trong d6 B, «: 14 hiing 3 duong nao 44, khong phy thudc vao to thi day
13 didu kién d& nghiém tm thuding x = 0 ctia phuong trinh (4.1) n dinh
theo s ma.
Tuang ung véi phuang trinh thusn nh3t (4.1, ta xét phuong trinh khéng
thudn nhat
L= A©+ul (45)
trong d6 u(t) 13 ham 18y gid tritrong H.
Nghiém cia phuang trinh nay cé thé nhin ducc theo cong thic Cauchy
(1) = WL, todxo + j{’ﬂ W (e uls)ds
ma ta c6 thé dé dang nghiém lai bing cAch thir truc tiép.
Xét phuang tinh
2 = MOX() + Rlexit) (46)

trong d6 A(1) 13 toan tif tuyén tinh gidn néu, lién tuc theo t; R(t, x(1)) 1A ham
théa m3n diéu kien R(t, 0) = 0 v3

JIR(t, )| = Lljx{| trong mién G (4.7)
Binh Iy 1.Néu diéu kién (4.4) v (4.7) durac thda man va ngadi ra néu cic
hing & @ B.L thda man bat ddng thuc

L=a-BL>0 (48)

thi nghiém tém thudng x = 0 cda phuang trinh (4.6) sé én dinh m
Dinh ly 2.Gid sif bit d4ng thdc (4.7) duac thda mén va ¢ bat ding thic
[IF(][ £ L (0 <t < =) Ngodi ra, néu cac dal lugng a. B, L théa man diéu
kién (4 8) thi nghiém t4m thudng x = 0 ciia phucng trinh

dx
P (ALY + F()x

6n dinh theo 6 mo.
Dinh Iy 3.Gid sit H 13 khéng gian Hilbert Xet phuong trinh
2= AW+ e x) + gx) (49)
trong d6 y, g: R* xH— H théa man c4¢ diéu kién sau:
) [t 0 5 LIl wit, 0 = 0;
i) llgtt %)l <ol 9{t.0) = 0, f5* we)de < +eo
Ky hiéu Wt <) 13 todn i Cauchy coa phuong trinh 2% = A(¢)x.
Khi 46 néu tén ta1 cac 56 duong cva % sao cho: ||Wit s)f| sce”™. v izs
20
thi nghiém xit) = 0 ciia phuang trinh (4.9) én dinh tiém cén néu cL <.

KET LUAN

B vié1 mubn gidi thidu véi ban dac nhing khdi niem co ban va mot s§
két gua kinh dién nht cua ly thuyét én dinh, giip cho ban doc cb duoc
1 nhin 16ng quan vé Iy thuy8t ndy, dic biét 13 861 vér nhing hé théng
<6 tré. Cac két qua mé rang hon sé duge tim hiéu va gio thidu trong cac
bai baotép theo.
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