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T6MTAT 

Mot trong nhflng hiidng nghi&n cifu co ban cua ly thuyet dinh 
tinh phiidng trinh vi phan la nghien ciSu sil on dinh cila nghiem, 
vi nd CO nhieu iing dung trong thiic tiln, 
De nghien ciiu tfnh on dinh nghi&m cua phUdng trinh vi phan, 
ta thudng dung hai phUdng phap co b&n la phUdng phap xip xl 
thli nhat Lyapunov va phUOng phap thii hai Lyapunov (hay cdn 
gpi la phUctng phap ham Lyapimov) .Phildng phap h4m 
Lyapunov dili?c ap dung nhi^u trong viec nghien ciiu dinh tinh 
cac he vi phan, nhat la cac h^ phi tuyen. Tuy nhiSn, viec xac dinh 
ham Lyapunov ndi chung la kho, Vi vay, de nghien ciiu sU on 
dinh cua mot so philcing trinh vi phan, ngildi ta con sd dung 
phucmg phap xap xi thii nhat Lyapunov. 
Tiikhda: on dinh, trS. 

ABSTRACT 
One ofthe basic research directions in the theory of differential 

equations is to study the stability of the solution, since it has 

many practical apphcations. 
To study the stability of the solution of differential equations, 

we use two basic methods, the first approximation method of 
Lyapunov and the second one (or Lyapunov method). 

Lyapimov method is widely applied in the qualitative research 

of differential systems, especially nonlinear systems. However, 
defining the Lyapunov function is generally difficult. Thus, to 

study the stability of some differential equations, we often use 

the first approximation method Lyapunov. 
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N O I D U N G 

1. SLT ON DINH C O A H i VI P H A N T U Y ^ N TINH 

1. CAC K H A I NIEIVI ca B A N COA LV T H U Y E T 6H O I N H 

Xet hi phuong trinli vi ptian thiidng 

- ^ = /;a.yi,y2--.-,yJ0' = i.2, 

trong 3611^ bl^n doc lap (ttifli gian); y,, . yn la cSc ham can 1 

hiam xac dmh trong mot ban try 

T = 1^ X Dy.lt = {to < C < +<»} 

va Dy la mot mien md thuoe R". d day to la mot sd hoae (-•»). 

Deng^ngon tago ihe ( l . l ) l ahev iphan . 

Dudi dang ma tran - vecto, ta cd: ̂  = F(t, Y). 

Gia thiet them r ing: ham vecto F(t, Y) trong mi^n T lien tue theo t vii co 

cac dao ham rieng cap mdt theo eae bien yi yn lien tuc, 

Oinh nghia I.Nghiem z - z!t) (a < t < «•) eCia hS (1.2) duoe goi la 6n dinh 

theo Liapunov khi t -> +'» (hay ngSn gon la dn dinh), neu vdi moi e> 0 

va toe [a, •»), tdn tai 5 = 6(E, to) > 0 sao cho: 

1) Tat d dc nghi&m Y = Y(t) cua h i (1.2) ftiao gom ca nghiem Z(t)) thda 

man di^Li ki&n: ||Y{to)-Z(to)||<5 (1.3) xac dinh trong khoang t o < t < « , 

2) Odi vdi cac nghiem nay, bat dSng thu'c sau dUOc thda man: ||Y(t) -

Z( t ) | |<Ekhi to<t<« (14) 

Binh nghia 2.Neu sd 5> 0 cd the ehon khong phu thugc vao dieu kien 

ban dau tos G, tde \i&- 5(E) thi 6n dinh duoe goi la on dinh deu trong 

fl/nh nghia i.Nghi§m 2 = Z(t) (a < t < ») dUoe goi la khdng dn dinh theo 

Liapunov, neu vdi e> 0, toe (a, ») nao do va v6I moi 5> 0 ton tai nghiem 

Ya(t) (it nhat la mdt) va thdi di^m t, = ti(5) > to sao cho 

II Ys(to) - Z(to)|| <5 va II Ys(t,) - Z(to) || >s 

Binh nghia 4.Nghiem Z = 2(t) (a < t < ™) duoc goi la dn dinh tiem ein khi 

1) Noon dinh theo Liapunov vS 

2) Vdl moi toe (a, «>) t6n tai a = A{tQ) > 0 sao cho moi nghiem Y(t) (to£ t < 

«) thda man dieu ktin || Ys[to) - Z(to)|| <A se cd tinh chat i i m | | l ' ( 0 -

Z { t ) | | = ' o (1.5), 

Oinh nghia S.Gia silr he (1.2) x6e dmh trong niJra khdng gian Q = fto< t <~ 

) X {||Y|j < «). Neu nghiem Z - Z(t) (a < t < «) 6n dinh tiem can khi t -> « 

va tat d dc nghiem Y = Y(t) (to< t < « , to> a) deu cd tinh chat (1,5), tile la 

A = ™, thi Z(t) duoc goi la on dinh tiem can toSn cue 

Dinh nghia fi.Nghiem Z - Z(t) (a < t < «) cua he (1.2) dUoc goi la on dmh 

dudi tac ddng cua nhieu ©(t, Y) neu vdi moi e> 0 va toe (a.«) ton tai 5 = 

5{e, to) > 0 sao cho khi \\d>{t, ?) \\ <5 tat ca cac nghiem Y(t) ciia he (1,6) 

th6a man dieu kien ||P{to)l( <8 se xac dmh trong khoang [to,«) va 11^(0-

Z{t) | |<EVdito<t<«, 

2. TINH 6N D I N H C O A HE VI P H A N T U Y I N T I N H 

Xet he vi phan tuyen ti'nh 
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^=J]a„Ct)>'fc+/;Ct) a = l.Z ") (2.1) 

Trong do cae he so a.kft) va cae sd hang tu do f/t) lien tuc trong khoing 
(a,") , d day a co the la mdt so hoac (-«), 
Dirdi dang ma tran - vecto, he (2.1) cd the viet 

^ = ^ ( t ) l ' + F(t) (2,2) 

trong dd ma tran A(t) va vecto F(t) lien tuc trong khoang (a, «•). 
Gla sir X(t) = [x,k(t)] (detX(t) iO) 

(2 3) 
1̂  ma tran nghiem cO b^n cua h§ vi phan tuyen tinh thuan nhat tu'ong 
Lfng 

^-Ait)Y (2.4) 

Binh nghia 7.He vi phan tuyen tinh (2.2) duac goi lii dn dmh (hoSc khdng 
dn dinh) neu tat ca cac nghiem Y = Y(t) cCia nd tuong iJng dn dinh (hoae 
khdng dn dinh) theo Liapunov khi t -» +<». 

Oinh nghia 2.Hi vi phan tuy^n tinh (2,2) dUoc goi la on dinh deu neu tat 
d cac nghiem Y(t) ciia no on dmh deu khi t -> + « ddi vdi thdi diem ban 
dau to (a, «j), 

Binh nghia 3.He vi phSn tuyen tinh (2,2) dUOc goi \i dn dinh tiem can 
neu tat ca cac nghiem eiia nd dn dinh tiem can khi t - * +™. 

MOT SO KET QUA 
Oifih ly J.Dieu kien can vh du de he vi phan tuyen tinh (2.2) dn dmh vdi 
so hang tu do bat ky F(t) la nghiem tam thudng 

^ = 0 (to < t < co), to e (a, CO) 
cua he thuan nhat tuong Ung (2,4) on dmh 

Binh /)?2,He vi phan tuy^n tinh (2.2) on dmh d^u khi va eW khi nghiem 
tam thudng f^ s 0 ciia hi vi phan tuyen tinh thuan nhat tuong Ling (2,4) 
dn dinh deu khi t -> ~ . 

Dinft (y 3.He vi phan tuy^n tinh (2,2) on dinh tiem can khi va chi khi 
nghiem t i m thudng y^ = 0 cua he vi ph&n tuyen tinh thuan nhSt tuong 
iJng (2.4) 6n dinh tiem c|n khi t -> + " , 

Hi qud 7.He vi phan tuyen tinh dn dinh khi it ra mdt nghiem eiia nd dn 
dinh va khdng dn dinh neu mot nghiem nao dd cua no khong on dinh. 
Hi qud 2.Hi vt phan tuyen tinh dn dinh khi va chi khi he vi phan thuan 
nliilt tuong u'ng dn dmh, 

H^qudJ . Oi^ukiencanvadiJdehevi phan tuyen tinh (2.2) vdi s6 hang 
tu do F(t) bat ky on dmh tiem can la he vi phan tuyen tinh thuan nhat 
tuong Ling (2.4) on dinh 

3. TINH ON OINH C O A H | VI PHAN TUY^N TINH T H U A N N H A T 
Xet he vi phSn tuyen tinh thuan nhat 

dY 
-^-Mt)Y (3.1) 

trong do A(t) lien tuc trong khoSng (a,«). 

Oinh ly I.Hi V] phan tuy^n tinh thuan nhat (3,1) dn dinh theo Liapunov 

khi va chl khi mdi nghi&m Y = Y(t) (to< t < «) ciia hS do tii chan tren nira 

t n j c t o < t < « . 

Binh /j?2.He vi phan tuyen tinh thuan nhat (3.1) on dinh tiem can khi va 

ehi khi tat d dc nghiem Y = Y(t) cua nd dan tdi khong khi t -» +«, lu'c 

1 :̂ l im Y(t) = 0 (3.2) 

He qua. He vi phan tuy^n tinh on dinh tiem can se on dinh toan cue 

4. 6 N D | N H C O A H E VI P H A N T U Y I N TiNH vCfl MA IRAN H A N G 

Xet he ^ = '*''' '•^•'" 

trong dd A = [3,0 la ma tran hSng (n x n). 

Oinh ly 7. He vi phan tuyen tinh thuan nhat {4.1) v6i ma tran hSng A on 

dinh khi va chi khi tat c l c ic nghiem dac trung ^ = X|(A) cua A deu co 

phan thuc khong dUong 

ReWA)<0 lj-=),2,...,n) 

vh dc nghiem dac trUng cd eac phan thue bSng khdng deu cd Ude co 

b i n don, 

Binh 1^2. He vi phan tuy in tinh thuan nh l t (4.1) vdi ma tr&n hSng A dn 

dmh tiem can khi va chi khi tat c a d e nghiem dactrung Aj= A)(A)ciJaA 

deu cd phan thUc am. tUc la 

ReMA)<0 0 = 1.2 n) 

II. SLT ON D|NH CUA PTVP TRONG KHdNG GIAN HILBERT 

Gil SLI H la khdng gian Hiibert tach duoe 

D = {(t, X) e (a, b) x H: |t - toj <T; i|x-Xo|| £t} 

Xet phuong trinh vi phan- ̂  = / ( t , x ( t ) ) (2.1) 

trong dd t e R*; x & H; f, D-»H la mot h i m lien tue thda man f(t,0) = 0 v l 

thda man dieu kien Lipschitz, tiJc la tdn tai L > 0 sao cho: 

vdl moi (t, X,). (t, fe) e D thi ||f(t, x,) - f(t, X:l|| < L.||x, - Xijl-

Kyhi§u: G = {x:x e H, ||x||<h < r < + - ) 

x(t) - x(t, to, Xo) la nghiem ciia phuong trinh (21) 

thda man dieu kien ban dau x(to) = xo (XQS G) 

Binh nghia 7.Nghiem tam thudng x{t) s 0 eCia phuong trinh vi phan (2.1) 

duoe goi I I 6n dmh theo Liapunov khi t - * +™ neu 

VE> 0, to€ R*; 36 = 5 (to, e) > 0- V Xog G' ||xo|| <S-» ||x(t, to, Xo)|| <EV t 
>tD 

Oinhng/iiioi.Nghiem tam thudng x(t)^ 0 ciia phuong trinh vi phin (2.1) 

duoc goi la on dinh deu theo Liapunov khi neu sd 5 trong dinh nghia 1 

khong phu thudc vao to 

Binh nghia J.Nghiem tam thUdng x(t) = 0 cCia phuong trinh vi phan (2,1) 

duoc goi la on dinh tiem cin khi t -> •«' neu: 

i) Nghiem tam thudng x(t) = 0 la on dinh; 

li) Ton tai a = a{to) > 0 sao cho vdi moi Xoe G va ||xa1| <d thi: 

l̂im |̂U(t,to,Aro)|| = 0 
Binh nghia 4.N9hiem tam thudng x(t) = 0 eCia phUOng trinh vi phan (2,1) 

duoe goi la on dinh ti§m can deu neu: 

i) Nghiem x(t} = 0 I I on dmh deu; 

li) Tdn tai i > 0 (khong phy thuoc vao to) sao eho vdi moi xos G va ||xo|| 

<4 th r 

\}rnJ\x(_t,to.xo)\\ = 0. 

Binh nghia 5.Nghiem tarn thudng x(t) s 0 ciJa phuong trinh vi ph in (2,1) 

dUOcgoi l ldndinhmu khi t - > « neu moi nghiem x = x{t, to, Xo) cua (2,1) 

thda man 

||x(t.to,xo)l|<B,||xo]|,e-"-»' 

Trong do B, a la hang so duong nao dd khdng phu thudc vao (to. xo). 

III. SU" 6 N D | N H C O A PTVP THEO PHI/ONG PHAP H A M LYAPUNOV 

Binh nghia J.Ta ndi phiem ham V- R+ x H -> R* ia phiem ham Lyapunov 

neu nd lien tuc va thoan m i n dieu kien Lipsehitz theo bien th i l 2, 

Oao ham phai ciia V doc theo nghiem ciia (2.1), ky hieu I I V{t, x) 3iiae 

xlcdinh bdi 

C(t, x) = ^l_irn^i{l^[£ + h.x + hfit,x)] - V(t,x)] 

KyhieuCIP'Hocachamtang, lien tuc, x lcdinh du'dng, 

Binh ly I.Gia sir tdn tai phiem ham lien tuc Lyapunov V: R*xH -*R' v l 

h i m a(.) e CIP thoa man cle dieu kien 

I) V(t, 0) = 0 

iI)a(||x||)<V(t,x) 

iii) Vit, X) < 0 

Khi dd nghiem tam thudng x ̂  0 ciia phuong trinh (2.1) la on dmh. 

Binh ly2.Gii sd tdn tai phiem ham iiin tue Lyapunov V: R*xH ^ R * va 

cle ham a(.), b(.) e OP thda man cle dieu Wen 

i)a(l|x|l)<V(t,x)<b(l|x||) 
i i )7 ( t . x )£0 

Khi do nghiem tam thudng x ^ 0 cua phUOng trinh (2.1) I I on dinh deu. 
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Binh ly 3.Gti sir tdn tai phiem ham lien tuc Lyapunov V: R*xH -»R* va 

Cic h i m a(), b(.), c(.) g CIP thda man cic dieu ki§n 

i)a(||x||)£V(t,x)<b(||xj|) 

ii)l^(t,x)<-c(|ix||) 

Khi do nghi fm tam thudng x = 0 ciia phuong trinh (2.1) la dn dinh ti§m 

IV. SLT ON OINH C O A PTVP TUY^N TfNH VA TUY^N T I N H C 6 NHliU 
TRONG K H O N G GIAN HILBERT THEO PHI/ONG P H A P XAP Xl THIJf 
NHAT LYAPUNOV 
1. IVIOT SO KHAI NIEM CO S A N 

Gil sir H I I khdng gian Hllbert, 

Trong H x^t phuong trinh ^ = A(t) (4,1) 
Gia sir toan tir A(t) vdi mdi g i l tri cd dinh ciia t I I mot t o l n tir tuyen tinh 
gicfindivaham toan tir A{t) lien tue theo t kb i t >0 , 
Do dd. phuang trinh (4,1) thda man dieu kien tdn tai v l duy nhat nghiem 
vdi bai toan gla tri ban dau, tat ca cae nghiem ciia phuong trinh nay d^u 
thic trien khdng gidi ndi dUOc tren nira khoang thdi gian v6 han. 

Trong L(H) ta xet phuong V'lnhU = A(t)U (4.2) 
trong dd U{t) I I ham toan tir lay gia tri trong L(H). GiS sir tJ(t) la nghifm 
ciia phuong trinh (4,2) thda man dieu kien U(0) = I, khi do ton tai h im 
nguoe U"'(t). 

eat W(t, to) = U(t)U-'(tb) thi W(t, to) duoc goi la toan t i f Cauchy eiia phuong 
trinh (4.1) W(t, ta) CO tinh chat W(t, ti)Vl/(ti, to) - W{t, to). Nghiem cOa 
phuong trinh (4.1) thda man dieu kien x(to) = xo co the viet dUoc dUdi 
dangx(t) = W(t,tD)xo. 

Trong trudng hop dac biet, khi A(t) = A, A eL(H), ta se chi ra U{t) = e*"̂  
Toan tir mu e*' duoc xae dinh nhu sau 

Bjnh nghia I.Vdi A la toSn tif tuyen tinh gidi ndi tren khdng gian Hiibert 
H, ta dmh nghta 

^ ( M ) " _ y (t̂ )" 

vdi mdi t > 0. (Quy Ude 0° = I) 

Xet phuong trinh vi phan tuy^n tinh trong khdng gian Hiibert H, 

X(t) = Ax{ t ) ,x ( t )eX, t>0 (4.3) 

vdi A: H -» H 1^ toan t i f tuyen tinh gidi ndi. Khi dd, e'*Xo la nghiem ciia 

phuang trinh (4 3) thda man dieu kien ban dau x(0) = xo. 

Binh ly I .Nghlfm tam thudng x s 0 ciia phUOng trinh (4 3) on djnh mu 

neu mot trong cac menh de sau dUoe thda man. 

i) r(e*) < 1, d day r(e*) la ban kinh phd ciia toan tif e*. 

i i to(A) i={zeC:Rez<0). 

2.SI /6N 0|NH CCiA PHI/ONG TRINH VI P H A N T U Y I N TINH C6 NHl£u 

TRONG K H O N G G I A N HILBERT 

Gil sir W(t, to) = U{t)U-'(to) la toan tif Cauchy ciia phuong trinh (4.1), De 

thay, n^u cd bat dinq thOfc 

||W(t,to)||<Be-°""" (4.4) 

trong do B, ctia h ing sd duong nao dd, khdng phu thuoc v i o to thi day 

I I dieu kien de nghiem tam thudng x = 0 ciia phuong trinh (4.1) on dinh 

theo sd mu. 

Tuong Ung vdi phuong trinh thuan nhat (4.1), ta xet phuong trinh khdng 

thuan nhat 

^ = /4(0 + u(t) (4.5) 

trong dd u(t) I I ham lay g i l tri trong H. 

Nghi§m ciia phuong trinh nay eo the nh |n duoc theo edng thii'c Cauchy 

x{t) = W(t, tc,)xo + //^ Wit. sMs^ds 

ma ta cd the di dang nghi fm lai bSng elch thif trUc tiep. 

Xetphuongtr inh 

Y = Ait)xit) + mMt)) (4 6) 

trong do A(t) la toan tu" tuyen tinh gidi ndi, iiin tuc theo t; R(t, x(t)) la ham 

thda man diiu kifn R(t, 0) = 0 va 

||R(t, x)|| < L||x|| trong mien G (47) 

Binh ly 7.Neu dieu kien (4.4) va (4.7) duoc thda man v l ngoai ra n^u cle 

hSng so a, B, L thda man bat d ing thu'c 

^ = a - B L > 0 (4,8) 

thi nghiem tam thudng x = 0 cua phuong trinh (4.5) se dn dinh mu. 

Binh ly2.Gti sil bat dang thu'c (4,7) dUOe thda man v l co bSt dang thiJfc 

||F(t)|| < L (0 < t < «) Ngoai ra, neu cae dai luong a, B, L thda man dieu 

kien {4 8) thi nghiem tarn thudng x = 0 ciia phuong trinh 

^ = :Ait)-^ Fit))x 
on dinh theo sd mu. 

D/nh/y5.GiasifH la khdng gian Hiibert Xet phuong trinh 

~^Ait)x+yK.<:.x)-hg(t.x) (4.9) 
trong dd v/, g: R* x H -> H thda man elc dieu kien sau: 

i ) lMt,x) | |<L| |x| | ,v{ t ,0) = 0; 

ii) l|g(t. x)|| <(p(t)||x||, g(t,0) = 0, / ; " p( t )d t < +co 

Ky hieu W(t, s) 1̂  toan tif Cauchy cita phuong trinh ^ = Ait)x. 

Khi do neu tdn tai eae sd duong cva X sao cho: ||W(t, s)|| < c e•'*"^ V t > s 

a 0 

thi nghi§mx(t)=0 ciia phuang trinh (4.9) on dmh tiem can neu cL<?., 

K^TLUAN 

Bai Viet muon gidi thieu vdi ban doc nhC/ng khai ni§m ea b i n va mot sd 
ket qua kinh dien nhat ciia ly thuyet on dinh, giup cho ban doc cd dUoc 
cai nhin tdng quan v4 ly thuyet nly, d ie bi f t la ddi vdi nhu'ng he thdng 
c6 tre. Cac ket qua md rong hon se dugc tim hieu va giai thteu trong eae 
b l i baotiep theo. 
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