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T6M TAT 
Mdt diiu ki^nphd qudt dugc dua ra cho vi^c chgn tham sd tu do khi dp dung phuang 

phdp todn tit FK di gidi phuang trinh Schrodinger. Chung tdi chi ra rdng tdc dg hgi tu cita 
chudi bd chinh dugc cdi thi?n ddng ki bdng cdch chgn tdi tru tham sd tu do. Ap dung cho 
trudng hgp dao dgng tit phi diiu hda, nghidm chinh xdc bdng sd (hdm sdng vd ndng lugng) 
dugc tinh bdng mgt gidi thudt rdt nhanh dga tren phuang phdp todn tie FK vd dieu ki^n 
chgn tham sd tdi ieu. 

Tu khda: phuang phap todn tir FK, phuang trinh Schddinger, tham sd tu do, tdc dp 
hdi tu, dieu kifn tdi uu. 

ABSTRACT 

Free parameter in regulation of convergence rate of the FK operator method 

A universal criterion is proposed to define the free parameter when applying the FK 
operator method for solving the Schrodinger equation. We show that the convergence rate 
of approximation series can be regulated by this method of choosing the free parameter. 
Applying for an anharmonic oscillator as a sample problem, exact numerical solutions 
(wavefunctions and energies) for which are obtained by very fast algorithm based on the 
FK operator method and the proposed criterion. 

Keywords: FK operator method, Schrodinger equation, free parameter, convergence 
rate, optimum condition. 

\. Gidl thif u van de 

Phuomg phdp todn tir dugc xdy dyng bdi hai gido su Feranchuk vd Komarov vdo 
nhimg ndm 1980 [4, 5], vd da dugc img dyng thdnh cdng cho mgt loat cdc bdi todn vat 
li chdt rdn, li thuyit tmdng, cung nhu v|lt li nguyen ni, phdn tiir (xem cdng trinh [6] va 
cdc trich dan trong dd). Nghien ciiu sdu ban vl nin tdng phuang phdp, ngodi cdc cdng 
trinh cua nhdm ciia chinh tdc gid phuomg phdp cdn cd cdc nhdm khdc, xem [2, 3]. 
Trong bdi ndy vd tir ddy trd di, chung tdi sg ggi ten la phucmg phdp todn tir FK dl phan 
bift vdi cdc phuang phdp sir dyng todn tir khdc. Mgt trong cdc vdn dl quan trgng khi dp 
dung phuang phdp todn tir FK dd la vai trd cua tham so ty do [I, 7]. Tham so nay dugc 
dua vdo khi bilu diln cdc biln sd dgng lyc x, p^ qua cdc todn tir sinh buy a{o)), a*{o)). 
Chung ta ggi Id tham sd ty do vi thuc chdt Hamiltonian cua hf khdng phu thugc vdo s\r 
chgn lya tham sd ndy. Tuy nhien, a? ddng vai frd ddc bift quan trgng trong phuang phdp 
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loan tir FK do do chinh xdc cua nghiem gan dung phu thudc vao viec chgn lya o. 
Ngodi ra khi tinh chuoi cdc bd chinh vdo nghiem dl thu dugc nghiem chinh xdc bdng 
sd, toe do hdi ty cung phy thudc rdt Idn vdo gia tri o [7]. 

Tuy nhien, each chon tham sd co vdn chua dugc nghien curu tuong xiing. Ngay tir 
khi xay dung phuang phap, each chgn co la dya vdo dilu kien khdng phy thudc cua 
nghifm chinh xac vdo tham sd tu do [4, 5]. Phuang phap nay td ra ban chi idii dp dung 
cho cac trang thai kich thich, cho nen trong cdng trinh [1] dua ra phuang phdp chon lya 
tdj uu tham sd sau moi vdng lap khi tinh bd chinh bdc cao vdo ndng lugng. Dieu ndy 
dan din vifc tang ddng kl khoi lugng tinh todn va khdng dl dang phdt triln cho cdc hf 
nhilu bdc ty do. Trong cdc cdng trinh [2, 3] dua ra phuang phdp chon lya ngau nhien 
tham sd co va thir nghifm sao cho cd dugc toe do hdi tu cao. Cdc phuang phdp chgn 
lya neu tren dugc dp dung cho din bay gid, tuy nhien vdi cdc bai loan hf nguyen tir, 
khi xet cdc trang thai kich thich mien chgn lya tham so rdt hep, khd sir dung phucmg 
phdp chgn lya ngdu nhien. Chinh vi vdy, viec tim quy tdc xdc dinh miln chgn lya tham 
sd ty do sao cho khi dp dyng phuang phdp FK chiing ta cd dugc chudi hdi tu nhanh 
nhdt ve nghiem chinh xac bdng sd Id rdt cdn thilt. 

Trong cdng trinh ndy, chiing tdi se khdo sdt vai trd ciia tham so co ddi vdi tdc do 
hpi tu ciia phuang phdp todn tir FK vd dua ra nguyen tac cho vifc chgn lya viing tham 
sd tdi uu md cdc y tudmg dau lien dd dua ra trong [7]. Xac dinh dugc vimg tham sd tdi 
uu giiip ta dp dung hifu qud ban phuang phdp chgn lya tham sd ngdu nhien. Ngodi ra 
chiing tdi ciing so sdnh hifu qud sur dung hai so dd tinh bd chinh bdc cao la so dd nhilu 
loan vd so dd vdng lap. De cy the hda, trong bdi ndy chiing tdi sir dyng dao ddng tii phi 
dieu hda cho cdc tinh todn sd, tuy nhien ket qud mang tinh phd qudt do cdc lap ludn dua 
ra khdng phu thudc vdo hf vdt li cu the. 

Mdt trong nhirng ddng lyc khien chiing tdi quay lai vdi bdi todn ndy lien quan den 
vifc ling dyng phuomg phdp todn tir FK trong phdt trien bd chuong trinh gidi phuang 
trinh Schrodinger phu thudc thdi gian cho nguyen tir, phdn tir trong tmdng difn ciia 
xung laser. 

2. Phvotig phap toan tu* FK cho bai toan dao dpng tu phi dieu hda 
2.1. Dao dgng tir phi dieu hoa vd phuang phdp nhieu logn 

Chiing ta xet dao ddng phi dilu hda mdt chilu vdi Hamiltonian sau: 

H = ---^ + -x' + Xx\ (1) 
Idx" 2 

trong dd hf sd phi dilu hda A > 0. CJ ddy, ta sir dyng hf don vi khdng thir nguyen. D I 
giai phuang trinh Schrodinger cho hf (I) bdng phuang phdp nhilu loan, thdng thudng 
ngudi ta chgn 

H'=-^^ + -x\ V = Xx\ (2) 
2 ^ ' 2 

va chi cd thi thu dugc nghifm trong tmdng hgp X dii nhd [8]. 
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That vay, dieu kifn irng dyng phuang phdp li thuyet nhilu loan [8] cho trang thai 
n bat ki la: 

2(2« + l) 
^^|^hl^„>«(M^|^o|v(/„)=>A« 

6n +6n + 3 
(3) 

dua den ngudng /I <ic 0.67 cho tr^ng thai co ban. Vdi cac trang thai kich thich hf sd X 
cdn nhd ban nira. Trong cdng trinh [8], dc minh hga cho sy ban chi cua phuomg phdp li 
thuyet nhilu loan mgt so gid tri dd dugc tinh vdi so do Rayleigh- Schrodinger. Cu thi, 
img vdi A = 0.01, kha nhd so vdi dieu kifn nhieu loan (3) cho trang thdi ca bdn, vdi bl 
chinh bdc 10 thu dugc fj'"^ = 0.5072562044. chinh xac den 10 chii sd sau dau phay. 
Tuy nhien, vdi X = 0.05, mdc dii van cdn rat nhd, dd thay ddu hifu phdn ki. Kit qua chi 
CO the chinh xac den hai chir so sau dau phdy sau bd chinh den bdc 10. Vdi i = 0.1 ket 
qud phan ki sau bd chinh bdc 5. Tuong tir vdi cdc trang thdi kich thich, trong cdng trinh 
[8] cung chi ra phuang phdp Ii thuyit nhieu loan chi cd the dp dung cho mdt viing rat 
be hf sd A 

y f * 

Trong phdn tiep theo ta se xem phucmg phap loan tir FK dp dung hifu qud the nao 
trong vifc giai bai loan ndy. 
2.2. Phuang phdp todn tu FK [4, 5] 

Phuang phdp loan tir FK gidi phuomg trinh Schrodinger \ e nguyen tdc vdn theo tu 
tudng phuang phdp nhieu loan, tuy nhien vifc tdch Hamiltonian ra ldm hai phdn khdng 
gidng nhu (2) md theo mdt quy trinh nhu sau. 

• Budc mgt. Dua todn tir Hamilton ve bieu dien dai sd 

H x,— \^ H{d,d\X) 
dx j 

bdng cdch chuyen cdc bien sd ddng lyc qua cdc todn lir sinh hu\: 

-'f x + 
l̂  0) dx ) 2 \ Q) dx) 

(4) 

trong dd o) Id tham sd thyc ducmg dugc dua them vdo dl tdi uu qud trinh tinh loan, 
dugc ggi Id tham sd ty do. Hf thirc giao hodn giiia cdc todn tir sinh buy 

[a,a'] = \ (5) 

se Id cdng cu chinh trong tinh loan. Vdi tmdng hgp dao dgng tir phi dilu hda ta vilt lai 
todn hi Hamilton (2) nhu sau: 

HJ-±^[2d^d^l) \-0) 2 r 

+ • 

Ao) 4o) 
a' + i^i 3A 

J 4fi>H 
2(d'a)\2a^a-\-\ 

4o)^ 
a' + (a' f +4(d^fd + 4d'd' + 6(a^ f + 6a' (6) 

Bu-dc hai. Tdch Hamiltonian d phuomg trinh (6) thdnh hai thdnh phdn: 
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H{d\a,A) = H,''' {a'd,A,co) + V''" {d\d,A,co), (7) 

trong dd phdn thii nhdt HQ {d*d,A,co) chi chiia « = d^d, Id todn tir tmng hda, nghla la 
s r r y 

cdc thdnh phdn ciia nd cd dang tich ciia sd todn tir sinh vd sd loan tir hiiy bdng nhau. 

Phdn cdn lai V^"^'{d\d,X,co) khdng cd chiia cdc thanh phdn tmng hda. Vdi tmdng hgp 

dao ddng tir phi dieu hda ta cd: 

TTOM _ 

" o -
1 + 0/ 

Ao) 
{2d'd + \) + 

U 

ymi _ 
\-C0 Ir 

Ao) 
a' + [di + • 

AoP-

Aoj' 

2{d'df + 2d'd + \ 

d'+(d*)\A(d'fd + Aa'd' + 6(d'y + 6a' (8) 

Nhu vdy, tuong tu nhu trong li thuyit nhieu loan, trong phuang phdp todn tir FK 
loan tii Hamilton ciing dugc tdch thanh hai thdnh phdn: thdnh phan 'chinh' 
HQ^'{d*d,X,co) cd nghifm chinh xdc vd thdnh phdn V^^{d\d,A,co) ddng vai trd 
'nhilu loan . Tuy nhien, nlu nhu trong li thuyit nhieu loari vifc phdn chia phdn chinh 
vd phdn nhieu loan dya vdo ylu td vdt li, theo dd phdn nhilu loan lien quan din tuong 
tac tmdng ngodi, d ddy vifc phdn chia chi thudn tuy dya vdo hinh thirc ciia cdc so hang 
trong Hamiltonian cho nen cd tinh phd qudt cho tdt cd cdc dang hf vdt li khdc nhau. 

Ta thdy hf sd tmdng ngodi A cd mat trong cd hai phdn cua Hamiltonian cho thdy 

tuong tdc tmdng ngodi dugc phdn bd cd trong phan chinh lan phdn nhilu loan. Ngodi ra 

ta cd 0), dugc ggi Id tham so ty do vi khdng cd mat trong todn hi Hamilton todn phdn 

H{d,d\A), nhung lai cd mat cd trong thdnh phdn chinh H^^ {d^d,X,co) lan trong phdn 

nhieu loan V^^{d\d,X,a) nen ta cd thi xem nd nhu Id 'dilu phdi vien' Bdng cdch 

thay ddi co ta cd thi ldm cho thdnh phdn V^''\d\d,X,co) thyc sy nhd vd cd thi xem la 

nhilu loan khdng phu thudc vdo do ldm tmdng ngodi. Ndi khdc ban, bdng cdch chgn 

n« :<||̂ o trong todn mien tham sd m ta cd thi ddm bdo dilu kifn li thuyit nhilu loan 

thay ddi tmdng ngodi. 

• Bydc ba. Tim nghifm gdn dung bdc zero cho bdi todn, chinh Id nghifm 

rieng cua todn tir H°^ (a'd,A,63). Todn tir ndy giao hodn vdi todn Xu h = d*d cho nen 

cd nghifm rieng la: 

Vyr) = \n{o^)) = ^^'"\Oi^)) (̂ > 

d ddy ta da sir dung ky hifu vd khdi nifm Dirac dl dinh nghia, khi dd nghifm dugc ggi 

la vector trang thai vd nghifm co bdn la trang thdi "chdn khdng" (vacuum) |0) dugc 

xac dinh bdng cdc phuang trinh: 

a{o)\0) = 0, (0|0) = 1. (10) 
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Khi can thill chiing la cd Ihl sir dyng phuang trinh nay de xdc djnh dang tudmg minh 
cua ham sdng, luy nhien chiing ta cd ihl linh todn thuan tuy dai sd bdng cdch sir dung 
he thirc giao hodn (5) vd phuang trinh (10). 

Ta de dang thu dugc d'd\n) = n\n) vd tir dd cd Ibl suy ra tri rieng cua 

HQ{d*a.A,co) Id ndng lugng gan dung bdc zero : 

£ ( o ) ^ l ± ^ ( 2 „ + l) + i ^ ( 2 „ 2 + 2 « + l). (11) 
Aco ^ ' Aco^^ ' 

Ta thdy ndng lugng gan dung b^c zero (11) phy thugc vdo tham sd lu do o) yifc chpn 
gia trj ndo cho tham so ndy dugc thao luan trong cdc cdng trinh [1-7]. Cy the cho gin 
dung bac zero tham sd dugc tinh tir phuang trinh: 

5^1V)^0 (12) 

Chii y rdng phuang trinh (12) khdng phdi Id tir nguyen li biln phdn vd no dugc sii 
dung cho ca trang thdi co ban lan trang thai kich thich. Y nghla cua (12) xudt phdt tir 
mdt dilu hien nhien Id ndng lugng chinh xac cua bdi todn khdng phy thugc vdo viec 
chon tham sd ty do. Mdc dii dilu kifn (12) vdi mdt sd bdi loan cho ket qud gdn diing 
bdc zero tuomg ddi chinh xdc, them niia sai sd khdng thay ddi dang ke trong todn mien 
thay ddi tham so tmdng ngodi, khi tinh nghifm sd chinh xdc vdri gid tri <y tir dieu kien 
ndy khdng cho chiing ta tdc dg hgi tu cao nhdt. Vdi cdc bdi todn hf nguyen tir md chiing 
tdi dang nghien ciiu, mien tham sd tdi uu cho sy hgi ty ve nghifm chinh xdc rdt hep va 

y r » 

vdi cdc trang thdi kich thi mien tdi uu cho tham sd ty do khdng chiia n^ifm (12). 
Trong phdn tiep theo chiing tdi se thdo ludn vd dua ra phuang trinh mdi, tdng qudt de 
tim tham sd ty do ndy. 

• Bu'd'c bon. Tinh cdc bd chinh b^c cao de thu dugc nghifm sd chinh xac. 
Trong budc ndy, ta sii dyng cdc so dd thich hgp dl tinh cdc bd chinh b?ic cao. Li thuyit 

nhilu loan cd thi sir dyng d ddy vdi thdnh phdn nhieu loan V°^\d*,d,X,co) dugc dilu 
chinh thdng qua tham so co Tuy nhien, trong rdt nhilu bdi todn (xem [6]) so do vdng 
lap td ra hifu qud ban vl tdc dg hgi tu din nghifm chinh xdc vd sy gidm ddng kl khdi 
lugng tinh todn. Ta se neu y tudng chinh ciia so dd vdng ldp. 

Hdm sdng chinh xdc ciia bdi todn cd thi bilu diln qua chong chap cdc trang thai 
(9) nhu sau: 

+00 

k>=h)+Zc*|^). (13) 
*=0 

Tuy nhien, chung ta chi cd thi xdc dinh cdc hf sd C^ theo timg vdng ldp, vai hdm sdng 
gdn dung d vdng ldp thir (s) dugc dinh nghia nhu sau: 
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V.'"> = l">+ I C l * ) (14) 
A=max(0,w-j) 
k*n 

Dem (14) the vdo phuang trinh Schrodinger ta thu dugc hf phuang trinh sau: 

nk ' 
/t=ma.\(0,n-j) 

(£î -̂//̂ .)CJ^> = F,„+ X C{%,(y = 0,l,2,^«,...,« + 5). (15) 
*=ma\{0,n-5) 
Jt*/7 

Trong cdc cdng thiic tren, ta ky hifu cdc yeu td ma trdn: 

H,,={k\H°"\k). V,,^{j\V°-\k). (16) 

Cdc phdn tir ma Iran ndy cd the tinh mgt each de ddng bdng cdc bien ddi thudn dai 
so nhd cdc cdng thiic (5), (10). Dl tifn trong tinh todn ta dua ra hai cdng thiic sau: 

a^|n) = ̂ /5^|« + I); a|«) = V^|«-l), (17) 

va tir ddy tinh dugc cdc phan tir ma trdn khdc khdng nhu sau: 

V 
njt+2 

Ao) Aco 

l-co^ A 
Aco Ico^ 

(In+ 2) 7(« + 2)(« + l) 

Vn,..=^4{^^A)(n + 2>){n + 2){n + \) (18) 

Cdn cdc phdn hi ma trdn khdc thu dugc dya vdo tinh ddi xung V„„ = V„„ 

3. Sy hoi tu ciia phvonng phap todn tv FK 

3.1. Nghidm chinh xdc bdng so 
Sir dyng cdc budc cua phuang phap todn hi FK cimg cdc cdng thirc cua cdc yeu td 

ma tran dua ra ddi vdi dao ddng tir phi dilu hda trong phdn 2, vl nguyen tdc chung ta 
cd thi tim ndng lugng vd hdm sdng chinh xdc bdng so din dg chinh xdc bdt ki. Chiing 
tdi xdy dung chuang trinh QAO_FKOM_IT dl tinh nghifm chinh xdc din 15 chu sd 
sau dau phdy cho tmdng hgp hf sd phi dilu hda X bdt ki, dugc kilm Xxa cho din gid tri 
A = 100. Chuang trinh ldm vifc cho trang thai kich thich len den « = 50. Trong bdng 1 
dua ra mdt so gid tri minh hga cho trang thdi co bdn inig vdi cdc gid tri X nhd, tmng 
binh vd ldn. Tuomg tu, bdng 2 minh hga cho tmdng hgp trang thdi kich thich « = 4 . 
Trong cdc tmdng hgp tren, gid tri tham sd ty do co dugc chgn theo dilu kifn (12). 

Mac dil tham sd tu do dugc chgn chua phdi tdi uu, ta thdy nghifm thu dugc cd tdc 
do hdi ty rdt cao khdng nhiing cho nang lugng ma cd hdm sdng (trong bdng ta chi dua 
ra minh hga vdi hf sd ddu tien). Nhu vdy, ta thdy phuang phdp todn hi FK cho ta 
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nghifm chinh xdc bdng so vdi gid trj tham so nhieu loan bdt ki. Chung tdi cung xay 
dyng chuang trinh QAO_FKOM_PT trong dd thay vi so do vdng ldp (15) sir dyng li 
thuyit nhilu loan dl tinh bd chinh ndng lugng vd hdm sdng. Tuy nhien, ket qud (khdng 
dua ra day) cho thay so do vdng l̂ p cho kit qud hgi ty vl nghifm chinh xdc nhanh han 
vd tdi nguyen tinh lodn cho mdi bdc vdng ldp it hom so vdi moi bdc nhieu loan. Chii y la 
tir trudc den nay, trong cdc cdng trinh dp dyng phuang phdp todn Hi FK thi so do vdng 
ldp dugc m$c djnh sir dyng mdc dii chua cd tuyen bo ndo ye sy so sdnh giiia hai so dd. 
So do vdng ldp (15) chiing tdi dua ra cung khac vdi so do lrong cdc cdng trinh tmdc 
ddy [6] do dinh nghTa vdng l̂ p khdc nhau. Chung tdi sd thdo ludn dilu ndy trong cdng 
trinh khac vl vai trd ciia so do vdng ldp trong phuang phdp todn tir FK. 

3.2. Sir phu thugc toe dg hgi tg vdo tham so tu do 
^k thu dugc cdc kit qud chi ra trong cac bang 1 va 2. tham so t\r do fi; dugc chon 

bdng phuang trinh (12) tuy nhien ta cung cd thi chgn bdng cdch thir nghifm sao cho 
nghifm thu dugc theo timg vdng ldp 

ET{CO),E'::^{CO),E^\O,),...,E':\O:>\.... (19) 

hdi ty nhanh nhdt vl nghifm chinh xdc. 6 ddy ta thay rdng vdi cdc gia trj (O khdc nhau 
thi chuoi (19) se khdc nhau nhung hgi tu vl ciing mgt gid tri khdng phy thudc vdo gia 
tri tham sd da chgn. Chinh vi vay quy trinh ndy cho ta nghifm chinh xdc bdng sd. Bang 
3 cho vi dy minh hga ve tdc dg hgi ty phy thugc vao tham sd ty do. 

Ta thdy rdng gid tri tham sd (O khdc nhau cho tdc dg hdi ty khdc nhau. Mac du, 
bdng 3 chi dua ra cdc sd lifu cho t r^g thdi co bdn, nhung ta cd ket qud tuang ty vdi 
cdc trang thdi kich thich vd vdi mien thay ddi ldn gid tri hf sd phi nhieu loan X. Thu 

' * ' ' 

nghifm vdi cdc o) khac nhau ta thdy cd mgt mien gid trj tdi uu cho tdc dg hgi ty nhanh 
nhdt. Tren hinh 1, bilu dien tdc dg hgi ty phy thugc vdo tham sd tu do iimg vdri tmdng 
hgp X nhd (a) vd ldn (b). Tryc hodnh Id gid tri co trong khi tryc tung chi bdc vdng lap 
(s) khi ndng lugng thu dugc chinh xdc din 15 chQ: so sau dau phdy. Gid tri (s) cdng nhd, 
tdc dg hgi ty cdng cao. Tren do thi ciing bieu diln sy phy thugc toe dg hgi ty sa do 
nhilu loan vdo chgn lya tham so ty do, luc ndy (s) la bdc bo chinh nhilu loan dk cd gia 
tri ndng lugng chinh xdc din 15 chu so sau ddu phay. Ta thdy rdng cd mgt vimg gid trj 
ciia tham sd ty do s6 cho tdc dg hgi ty cao, vd r6 rdng so dd vdng ldp cd tdc do hgi tu 
cao hem so dd nhilu loan. Hinh 2 cho sy phy thugc toe dg hgi ty vdo tham sd tu do 
khdng nhiing cho t r^g thdi co bdn md cd cho trang thdi kich thich n = A. 
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3.3. Dieu kien di chgn tham so tu do tdi uu 

Nhu vdy, ta da bidt dugc sy tdn tai mien tham so ty do toi uu. Viec xac dinh midn 
nay rat quan trgng trong viec dp dung phuong phap toan tii FK giai phuang trinh 
Schrodinger, dac biet la cho cac bdi toan phiic tap nhu he nguyen tii. Chiing tdi xudt 
phat tir dieu kien li thuyet nhieu loan: 

OM M 
H':"{co) 

« 1 (20) 

vdi dinh nghTa nhu sau: 

V''"{co)\ = {ii/\V^"r'"\iiy)' 
11 

H, nsi 
0 

{co)\ = {ifj\H°,''\iiy) 

nghia dugc 

Rd rang day la mdt dieu kien rat tu nhien. Tuy nhien, van de la lam sao dinh 

V ' {o) , HQ'"{CO) khi chiing ta khdng cd nghiem chinh xac. Trong li 

thuyet nhieu loan dieu kien ndy cQng chi mang tinh udc le vi ta khdng thd so sanh do 
Idn hai todn tii ma chi cd the cd didu kien (20) dang gdn diing. Chinh vi vay ta se dua 
vdo (20) de dinh nghTa mdt ham sd theo bien sd la tham sd tu do nhu sau: 

r\co) = 
(y(^^^yO.UyOUy.)y'-

(v/' ' ' | //o^^><^') 
(21) 

Bdng 3. Ndng lugng E^'^ cho trgng thdi ca hdn vd he so phi dieu hoa A = 1.0 thu dirge bdngpheomg 
pk^ todn tic FK theo sa do vong lap ung vdi cdc gid tri khdc nhau cua tham so tu do. Cot ddu tien ung vdi 
CO lay hdt ki vd ndng lugng hgi tu khi s=38, cgt thic hai CO chon theo dieu kien (12) cho hoi tu ds=20, cot 3 
v&i 0) chon toi uu cho hoi tu ds=13. 

s 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

p(T) 

co= 1.06893999980 (s=38) 

1.15749038965280 
0.805293754387089 
0.804091586712698 
0.803776975428709 
0.803772780786474 
0.803770668823167 
0.803770668799550 
0.803770651982284 
0.803770651314005 
0.803770651257317 
0.803770651234720 
0.803772092439650 
0.803771159346335 
0.803770777050719 
0.803770672948468 
0.803770657502463 
0.803770657303735 
0.803770656143280 
0.803770654043907 
0.803770652437468 
0.803770651623309 

co= 2.00000000000 (s=20) 

0.812500000000000 
0.812500000000000 
0.804606833140588 
0.803794967592446 
0.803794734802707 
0.803775354597840 
0.803770863494731 
0.803770713706933 
0.803770687027535 
0.803770657313593 
0.803770651554483 
0.803770651363555 
0.803770651314907 
0.803770651252256 
0.803770651235764 
0.803770651234518 
0.803770651234498 
0.803770651234354 
0.803770651234286 
0.803770651234275 
0.803770651234274 

6^=4.66533999988 (s=l3) 

1.25438002723422 
0.870523726412399 
0.809810146292740 
0.803980268993323 
0.803771187489869 
0.803770919927074 
0.803770661047707 
0.803770651501296 
0.803770651277780 
0.803770651234731 
0.803770651234456 
0.803770651234276 
0.803770651234275 
0.803770651234274 
0.803770651234274 
0.803770651234274 
0.803770651234274 
0.803770651234274 
0.803770651234274 
0.803770651234274 
0.803770651234274 

0.803770651234274 
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X 

25 
npOi A = a o i 

— Iteration Sdierne 

• FTScheme 

1.0 15 20 

Free paramBler 0) 

(^ 

2 3 4 5 6 7 

Free paramBler (0 

8 9 10 

Hinh I. Toe do hgi tu ciia phuang phdp todn lu FK cho trgng thdi ca bdn (n = 0) 
ung vdi he sd phi diiu hda (a) A = 0.01 IY) (b) X = \.0; dudng liin net khi su dung so do 
vdng lap, dudng diet khuc khi sic dung sa dd li Ihuyel nhieu logn 

• \ 

1 

• 

• 

• 

-

— - . - - . - . . J 

\ •• 

\ \ 

I 

x = o.oi 

. . .0=4 
n=0 . 

/ 

/ 

.J^ 

. . . . . . . . . . . 
05 1.0 15 

Free parameter o> 
2.0 

Hinh 2 Tdc dg hgi tu cua bdi todn khi gidi bdng phuang phdp todn tie FK cho mdt 
sd trgng thdi 

Hinh 3 vd ham sd (21) cho cdc b^c (s) khdc nhau tu zero tdng ddn. Ta thdy ham 
P{Qy) cd mien cyc tieu theo bien sd co vdi gid trj hdm sd nhd ban 1: 

/?(6>)«1. (22) 

0 ddy, ta khdng ky hieu bdc gdn diing (s) tren hdm sd P{cd) Id do quan sdt thay 
' y y * * 

den mgt bdc gan diing (s^,^) ndo dd mien cyc tri ciia hdm khdng thay ddi ddng ke. Ta 
r 

thay, tuy theo bdc kich thich ciia trang thdi (tren hinh ta chi minh hga hai trudmg hgp 
« = 0 vd « = 4) vd tiiy theo hf sd X ldm hay nhd md s^^ cd cdc gid tri khdc nhau 
nhung khdng qud gid tri s^^^ < A. Nhu vdy nhieu nhat Id ta sii dung den vdng lap thii 4 
de cd dugc hdm so sdnh fi{Q)) vd sau dd se tim midn cue tri ciia nd thda man didu kien (22). 
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1.0 1.5 2 0 2 5 
Free parameter m 

3.0 06 08 1,0 12 1,4 1.6 

Free parameter cu 

Hmh 3. Hdm P{o)) ieng vdi bdn bdc ddu lien cho trudng hgp trgng thdi ca bdn 
(n=0) vd trgng Ihdi kich ihich (n=4) 

10 12 

u- 0 5 

Free parameter o 

0 9 1.0 12 1.4 16 
Free parameter m 

Hinh 4. So sdnh vung thie nghiem tdi uu vd viing gid tri nhd cua hdm P{o}) cho 
trgng thdi ca bdn n=0 vd trgng thdi kich thich n=4 

Trong hinh 4, tren moi db thj bidu dien dong thdi hdm so P{co) vd hdm sd s{6)) 
thu duoc tir thii nghiem, thd hien su phu thudc tdc do hdi ty vao tham sd o) Ta chgn 
thang tren tryc tung phu hgp cho hai hdm sd sao cho cd the so sdnh mien cyc tri cua no. 
Kdt qud thu dugc nhu tren hinh cho thay midn tham sd co tdi uu phu hgp vdi mien cyc 
tiSu cua hdm P{ci)) theo didu kien (22). Kdt qud ndy rdt thii vi vd cd y nghTa thyc tiln 
cho ta didu kien dd chgn tham so ty do toi uu thay vi md mdm thur nghiem. Chiing tdi 
dua ra hai trudng hgp cho trang thdi ca bdn (« = 0) vd trang thai kich thich n = A cho 
thdy didu kien tim tham sd ty do tdi uu (22) mang tinh phd quat. 

4. Kit luan 
Nhu vdy, trong bdi bdo ndy trudc tien chiing tdi nhdc lai mdt cdch tdng quan 

phuang phdp todn tii FK gidi phuang trinh Schrodinger vd qua vi dy minh hga ve dao 
ddng tu phi didu hda chiing tdi chi ra the manh ciia nd so vdi phuang phdp li thuydt 
nhidu loan truydn thdng. Cd thd ndi phuang phdp todn tii FK mang trong nd tu tudmg li 
thuydt nhidu loan nhung dung dd gidi cdc bdi todn phi nhilu loan. Cl day, chiing tdi 
nhdn manh ddn thd manh ciia phuong phdp FK khi tim nghiem chinh xdc bdng so vd 
chi ra su phy thudc tdc do hdi ty vdo tham sd ty do. Viec chgn tham sd ty do vi vdy rdt 
cd y nghia, cho phep chiing ta tidt kiem rdt nhidu tdi nguyen tinh todn. Didu ndy Id thyc 
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su quan trgng liC-n quan ddn tidt ki?m tai nguyen tinh todn khi chung tdi sii dung 
phucmg phap I-K cho cac nghien ciiu lrong cac bai todn nguyen tii vd nhu mgt phdn ciia 
bo chuang trinh giai so phuong trinh Schrodinger phu thugc thai gian cho bdi toan 
nguyen tii, phan tu trong trudng diC-n ciia chum laser xung cyc ngdn. Tidp theo chiing 
tdi chi ra su ton tai mien tham so tu do toi uu cho toe dg hgi tu cao ve nghiem so ehinh 
xac. Ket qua chinh ciia bai bao la viec dua ra dieu kien phd quat de chgn tham so ty do 
toi uu. Tuy kel qua phan tich so dua tren bai todn cu the id dao ddng tii phi dieu hda 
nhung didu kien dua ra dua tren nguyen tdc rdt phd qudt la chgn tham sd ty do sao cho 
ddng gdp ciia *phan nhieu loan' nhd han nhidu so vdi phan chinh ciia Hamiltonian. 
Chinh vi vay, chiing tdi hy vgng nd sc lam viec tdt eho eac bai todn he nguyen tii trong 
cac nghien ciiu tiep theo. 

Ghi chu: Cdng irinh ndy lhuc)c de ldi khoa hgc vd cdng nghe cdp ca sd md so 
CS.2011.19.51 cua ldc gid Hodng Dd Nggc Trdm vd cQng ndm trong De tdi dugc tdi trg 
cita Quy phdt trien khoa hgc vd cdng nghe qudc gia (NAFOSTED) 2011. 
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