
##### KHOA HOC - CONG NGHE 

TINH DAY D0N THEO PHlTONG PHAP 
NGUYEN LY CtTC TRI GAUSS 

Tdm UtBiibio trinh My phuung phipnguy6nlf cire (r/ Gauss 
ip dung vio thiSt l$p vi giii bii tain tinh kSt ciu dSy m6m d^ng 
dan giin chju tic dung cua li/c t^p tnjng vi (rpng luvng bin thin. 
Phimng phip tinh k4t ciu dSy trinh biy trong bii bio cho phip 
xic djnh a6ng thdi ci Ivc cSng vi chuyin vj cua diy mi khdng cSn 
gli thiSt tn/bc tfij v6ng cua d&y nhw cic phuong phip hi^n hinh. 

Abstract: This article presents application of the Gaussian 
Extreme Principle method to formulate and analysis of simple 
cable subjected to concentrated load and setf-vieight load. The 
presented method allov/ to determine both internal tension force 
and displacement of cable without knowing the dip of cable. 

NCS. THS. PHONG BATHANG 
BH Cing ngh$ GTVT 

as. TSKH HA HUY Cl/ONG 
Hoc vl0n KTQS 

DAT VAN DE 
Tinh loSn day San \i mOt bdi todn co bin trong 

phdn tich cSc kit ciu day vd he treo. Trong tinh 
toan, day du-qyc xem ia day m^m ch? lam vi^c chju 
Iteo, bo qua i<ha nang chtu u6n. Tinh todn day dan 
hi0n nay dî fa tren dy^ng cong day xich do trong 
llfQ'ng ban than (the common catenary) c6 dang 
hyperboiic hodc parabol. Si/ i<hdc nhau hai dang 
du-ang cong a ch5 dwang cong day xich hypecboiic 
x§t trpng iifo'ng day phan b6 d^u theo chi^u ddi 
ddy, c6n du'b'ng cong day xich paraboi lai x6t trpng 
iu'O'ng phan b6 deu theo chi^u ddi nhjp cdng ddy 
theo phi/ong ngang. Li.rc cdng trong ddy ch? du'O'c 
xdc dinh i<hi dd btet tru6c d$ v5ng Ib'n nhat cua ddy. 

Trong bdi bdo nay dp dgng phu'ong phdp nguydn 
iy cu'C trj Gauss d l thilt idp h$ phif ong trinh ciJa bdi 
todn tinh ddy mim du'di tdc dgng tdi trong tdp trung 

vd trong iuvng ban than ddy, cho phdp giai duo'c 
d6ng th6i chuyin vi vd ii/c cdng trong ddy. 

1. Bdi todn ddy ian ch|u \{IK t$p trung 

Xdt ddy mim treo c6 djnh qua hai dilm ngang 
mCrc A, B vd chju n il/c tdp trung /^ (/ = 1 -̂  n). cililu 
ddi ddy /„ bdng chilu ddi nhip /. Ddy cb db cCrng 
ching i(6o £A , bo qua db cCrng ching uln EJ cija 
ddy (Hinh 1). 

Chon he true tga dO Oxy vb'i g lc O triing vbi A 
nhu' hinh ve. Chu'a xdt din trong iLPong cua ddy. X6t 
doan ddy thu i. 

Goi Xa,,yo, Id tpa db ban d^u cua dilm d$t î c 
P,: jc,,y, id tpa dO cua dilm ddt lu'c P, sau m day 
bj biln dang. 

Gpi U| ,v, Id chuyin vj ciJa dilm ddt lu'c P, thi 

Oi/t, 

1 = 1. 

|Pi |Pl |Pl / j C |"Pl \ IR.; 

. —'Ji i I y i Jj—j— \ i 
^ i l 1 Pi _ 7 Tl i , 

Hinh 1. So d6 tinh ddy dcyn chiu l^c tdp tmng 

|p. 

-IT© 

TACH DOAN DAY THCri 

1 a i 1 PI 
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KHOA HOC - C O N G NGHE ggggt 

Chieu dai doan ddy tru'b'c i<hl biln dang: 

h ~ ^01 ~ ^0 /-I 

Chieu dai doan ddy sau i<hi bien dang: 

\ =^('',-'',.,)'*(y,-y..,)' 
Biln dang trong doan ddy: 

s.-l. 

(1) 

(2) 

(3) 

(4) 

Lgc cdng trong doan ddy: 

N,=EA.s, (5) 

Theo phuong phdp nguyfin ly cu'C trj Gauss, 
iu-png cif&ng bi>c cua bdi todn du(?c vilt: 

Z = ̂  JA^,f,iic-^i^v,->min (6) 

Trong m6i doan ddy. ig'c doc vd biln dang Id 
khbng doi dpc thep chieu ddi ddy nSn dupe vilt lai: 

Z = Ĵ /V.E,;, -Y,P,v,->min (7) 

Trong philm hdm Z, d n xem biln dang e, dbc 
lap vbi nbi Ig'c JV,; chuyin vj v, dgc Idp vol ngoai 
luc P, . 

Bilu kidn ci/ctrj cua philm hdm Z Id <̂ 2 = o hay 

dZ 

du, 

dZ 

^ " du, 

,3s. 
= IA',', 

(8) 

3v, 
/>=0 

Ddy Id h$ 2n phuong trinh phi tuyin vbl 2n In s6 
u„v,. o l tim nghidm cua chting thu'bng dOng cdc 
phu'ong phap gidi s6 dung din (idp) Id phuong phdp 
rIt phi bien trong todn vd quy hoach todn (vdn trCi 
hpc). Trcng phIn mem Matlab c6 hdm fsolve cho 
phdp giai he cac phuang trinh dai s6 phi tuyen. Sau 
khi giai h$ phu'ong trinh cho ta cdc chuyen vj u,,v,, 
tilp theo SLF dyng cdc bilu thirc tCr den se xdc djnh 
dupe lye cang trong cdc dogn ddy. 

V i d g l : 

Tinh chuyin vj vd npi Ig'c trpng ddy don cb db 
ciJng EA=1708000 kN, tree * hai g l i ngang miJc A, 
B, chilu ddi ddy bIng chilu dai nhjp I = !„ = 100m, 
chju tdc dung cua mpt ii/c tdp trung P =100 kN flat 
cdch A khcang x^ = I, = 30m. 

So dd tinh th i hidn trdn Hinh 2a. 

Hinli 2. Day dan ngang mifc ch|u Ig'c tdp trung 
a. So a6 tinh; b. Kit qu4 

Theo bilu thLTC, hd phuong trinh nhan dupe: 

I .!^5?'!?j90o-60»+i(' + v=-1708000 ](-60+2i/) 

2 .y900-60«+»'+v' 

+140» + »+v -1708000 

2 N/4900+i40»+«'+v' 

| i5?!1^900-60« + u' + v'-170800o]v 

>/900-60ii+r+v' 

f24400V4900+140«+B' + »' -170800o) v 

lj(140+2ii) 
(9) 

V4900+140ii+iiVv' 

Giai hd phuong trinh tim du-pc chuyin vj u, j, 
thay vdo cdc bilu thi>c ti> den tim dypc iuc cdng 
trong ddy. Kit qua thi hidn a Hinh 2b. 

Kilm tra dilu kidn cdn bang tai diem niit, ting 
hinh chilu cdc Igc theo cdc phuong x, y: 

J^Fx'-0.137 l(r" (kN)0 0 

Y.Fy- 0.34610'" (kN)U 0 

Ta thiy dieu kipn cdn bdng ndt dupe thba mdn 
Chung tb kit qua tinh npi Igc Id chinh xdc. 

Vi dg 2: 

Khao sdt sg thay doi npi igc, chuyin vj khi thay 
doi vj tri dilm ddt lye x^ trong Vi dg 1. 
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Kit qua the hi?n a Bang 1. 

B A N G 1. K i t qu i bdi to ln d ly dan khi thay d l i 
vi tri di 

xO{m) 

u(m) 

v(m) 

N, (kN) 

N,(kN) 

SFx(kN) 

SFy(kN) 

10 

00428 

0.9809 

918.4419 

914 0716 

0,97e-10 

-01e-10 

20 

0.0389 

1.4413 

1111 3807 

1108.6746 

-0 92e-10 

-019e-12 

30 
00284 

1.7286 

1216.2080 

1214 5601 

-014e-10 

0,35e-11 

40 

O0149 

18899 

1271,1179 

1270 3298 

0.24e-9 

011e-10 

50 

-0,21 e-14 

1,9422 

1288.1398 

1288,1398 

-0.15e-9 

0.80e-11 

Ta t h i y khi d$t lye eSng vSo phia giO'a nhjp thi 

chuy in v| ngang u cdng nhd nhu-ng chuy in vi ddng 

V, lye e i n g N trong dSy Igi tSng Ifin. 

Khi d$t lye d giO-a (xO = 50m) thi bdi todn Id d l i 

xdng, kh6ng c6 chuy in vj ngang. D i l u ndy k h i n g 

djnh sy tin cOy eua ldi g i l i nhOn du'O'c ti> phu'cng 

phdp da trinh bdy. 

2. Bai todn ddy don chiu i l l irgng bin thin 

2.1. Phuvng phdp tinh 

Xet bdi toan day dan, ch i l u dai ddy b Ing c h i l u 

ddi nhjp, chju trpng lu'dng ban than. Dk g i l l bdi t o l n , 

ta chia day thanh cdc doan c6 chieu ddi b I n g nhau 

vd quy d l i trpng lu'p'ng phdn b l tr§n ch i l u ddi ddy 

thdnh cdc lye tap trung t ucng du'ang dgt a cac d i l m 

chia ddy vd i do Idn P: 

P = w.— (10) 
m 

trong d6: I, w, m Iu'O'ng dng Id c h i l u d l i , trpng 
lu'p'ng ddy trfin den vj dai, s i dogn chia cua ddy 
(Hinh 3). 

Bang cdch ndy, bdi todn tinh ddy chju tai trpng 

ban thdn du'p'c du'a v l bdi todn ddy chju nh i l u lye 

tdp trung P vd I p dyng phu'cng phdp tinh ddy chju 

lye tap trung 6e giai. DO ehlnh xdc cua ldi giai n h | n 

du'p'c tCiy thuOc vdo s i dogn chia ddy. 

Vi dy 3: 

Xlc djnh nOi lye vd chuyin vj cua ddy chju tdc 
dyng trpng lu'p'ng bin thdn. Chilu ddi ddy bIng 
chilu ddi nhjp / = /(, = 100m, dO cdng k6o n6n EA 
= 1708000 kN, trpng lu'p'ng dly phdn b l dIu theo 
chilu dl i w = 5 kN/m. 

Chia ddy thdnh 8 dogn bIng nhau. 

Trpng lyp-ng dly du'p'c du'a v l cle lye tdp trung 
d$t tgi nut: 

p = w.— = 62.5kN. 
m 

Kltqul th lh i0ntrSnHinh4. 

Ta thIy lye cdng d sdt g l i Id Idn nhIt N^ . 
2602.6578 kN, chuyin vj Idn nhIt d giOa nhjp v^ 
= 2.4082m; kit qud ndy phu hep v l quy lu|t nhu- ffi 
n6u trong cle tdi li|u v l kit c lu ddy [4]. 

Khio sdt vdi s i dogn chia dly khdc nhau: 

Kit qua tinh cho cdc tru'dng hp-p vdi s i dogn chia 
ddy khdc nhau du'p'c th i hl$n trong Bang 2. 

v l logic khi s i dogn chia tdng ISn thi kit qua tinh 
se hOi tg v l gin vdi gid trj thye cua lye cdng vd 
chuyin vj trong ddy. Kit qua trong BIng 2 cho ta 
thIy ro sy h$i ty khi tdng so dogn chia m trong ddy, 
sal khdc v l lye cdng vd chuyin vj giOa cle tnfdng 
hpp chia dly khdc nhau giam rIt nhanh vd hgi tg. 
Khi s i dogn chia Idn hen 8 th) sai l$ch v l kit quS 
tinh lye cIng vd dO v6ng Idn nhIt Id du-di 0.5% nlu 
ting gip ddi s i dogn chia. 

B A N G 2. K i t qu i b l i to ln ddy chju trQng iiFQng 
bdn thdn vdi s6 do^n chia khIc nha 

Hinh 3. Tinh ddy dan chju trpng lu'p'ng bdn thdn 

S6 
do^n 

chia m 

2 
4 

8 
16 

32 

64 

Lgv cdng \<m nhIt 
(sdt gi l ) 

L ^ cdng 
(kN) 

2373.5268 

2558.7770 

2602.6578 
2614.1569 
2617.3907 
2618.3846 

Sai s i 
(%) 

7.8 
1.71 
0.44 

0.12 
0.04 

Chuyin v| \fm nh^ 
(giO'a nhjp) 

Chuyin vj 
(m) 

2.6369 
2.4477 

2.4082 

2.3987 
2.3963 

2.3958 

Sai si 

1 
7.18 

1.61 
0.39. 
0.10 

0.02 

2.2. So sinh v6l If thuyet tinh diy dan hlSn nay 

Xdt tru'b'ng hpp ddy cb c h i l u ddi b I n g chieu dS 

nhjp. Hidn nay IJ t huy l t t inh ddy don thufrng ddng 
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OsA. 

1 

l = l.'=100fn 

iLr '^ '^ 1 i"* i"" l"" 

*^4L |P st |f -J r i^ 

• « CD B B u i ^ istn»B( l a " * 

Hinh 4. K i t q u d t i n h d 3 y khi ch i a Idm 8 d o g n 

2 <.p 

a „ I -
' ' • „ . : . . . ™ . . " " " 

Hinh 5. Iu'O'ng quan giOa s i dogn chia trong ddy vS 
sal s6 v l lye c3ng trong ddy den 

du'dng d0 v5ng cua ddy du'di tdc dyng cua trpng 
Iu'O'ng ban thdn e6 dgng parabol, khi dd theo diln 
gili cua Sir Alfpred Pugsley [4], lye cdng Idn nhIt 
trong ddy II a vj tri hai dIu gl i vd du'pc tinh theo 
c6ng thdc: 

A^™. -—I' 16d' 
(11) 

trong d6 w Id trpng lu'p'ng bin thdn phdn b l dIu 
theo phu'cng ngang, / Id chilu ddi nhjp, d II dp v6ng 
gil>a nhip eua ddy. 

Trong cdng thdc de tinh lye cdng Idn nhIt phai 
bilt dp vdng Idn nhIt Id d. Tac gia dung d Id dO v5ng 
gida nhjp lay theo kit qui Bang 2 de du'a vao tinh 
todn. Kit qui so sdnh trong Bang 3 

Bang 

sa 
doan 
chia 

m 

2 

4 

8 

16 

32 

64 

3. So sdnh vbi ly thuyet day hien 

Dp vdng 
giira 

nhjp (m) 

2.6369 

2.4477 

2.4082 

2.3987 

2.3963 

2 3953 

nay 

Lvc cang Ib'n nhit (sat gdi) (kN) 

Theo pp 
nguyen ly 

CU'C trj 
Gauss 

2373.5268 

2568.7770 

2602.6573 

2614 1569 

2617.3907 

2618.3846 

Theo ly 
thuyit day 

hifn nay 

2383 3809 

2665.6258 

2607.3126 

2617.6440 

2620.1417 

2620.6836 

S a i s d 

(%) 
0.41 

0.27 

0.18 

013 

0.10 

0.09 

chia trong ddy cho cdc tru'dng hpp ddy c6 chieu ddi 
khdc nhau, gid trj lye cdng Idn nhIt tinh theo dng 
vdi dp vong d cua ddy khi chia ddy lam 64 doan. 
Theo kit qui khIo sdt thi sai khdc v l lye cdng khi 
tinh theo hai phu-cng phap Id dudi 1% nlu chia day 
Idm 8 dogn vd du'di 0.5% nlu chia ddy hen 16 doan 

3. KET LUAN 

Phu'ong phdp nguyen ly eye trj Gauss cho ldi 
giai chinh xdc v l n$i lye va chuyin vj cua ddy du'di 
tac dung cua tai trpng tap trung vd trpng lu'p'ng ban 
than ddy Khi tinh ddy chiu tdc dung eua trpng lu'png 
ban thdn theo phu'ong phdp nguyen ly eye trj Gauss 
khong cIn gi l thilt trpng lu-png day phan b l dIu 
theo chilu dai nhjp va chi cIn ehia ddy thdnh cac 
doan nho vdi s6 doan chia bIng 8 da co thi tinh 
du'pc lye cdng trong ddy vdi sai so nho han 1%. 

Khdc vdi ly thuylt tinh day hipn nay, phuong 
phap nguyen 1̂  eye tri Gauss dung tinh todn day 
don Id tong quat hon, da dua ra cac kit qui tinh 
todn md khong ein cho tru'dc gia tn eua dp vdng Idn 
nhIt d, dac bi#t con cho bilt chuyin vj ngang Id vIn 
d l kho trong ly thuylt tinh toan kit cau dayn 

Trong Bang 3, khi tinh lye cdng Idn nhat theo 
cdng thdc thi sai khdc so vdi phu-ong phdp nguy§n 
ly eye trj Gauss rIt nho (tu- 0.09 - 0.41 %). 

O l tim du-ac s i doan chia phu hpp khi tinh ddy 
don chju t l i trpng ban thin, t ie gia da khao sat cho 
cle tru'dng hqrp chieu dai day khdc nhau, s i dogn 
chia cua dly thay dIt ti> 2 den 64. Khi s i doan ehia 
Idn hon 16 thi dp v6ng Idn nhat hlu nhu khdng thay 
dl i . Oo thj trong Hinh 5 bilu diln tuong quan gii>a 
sai so v l lye cdng Idn nhIt trong day vdi s i dogn 
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