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Phuong phdp todn tr FK dugc sir dung dé gigi phwomyg trinh Schrodinger cho ion
phan tw hydro H Két qua thu duoc 1a cde mirc nang luong ¢ trang thdi co ban 1s va
trang thdi kich thich dau tién 2s véi sai s6 dwéi 0,03%. Mic dii cdc tinh todn cu thé duec
thue hién cho H . nhung nguyén tdc va quy trinh tinh todn cé thé dp dung cho cdc ion
phdn tir tuomg tie nhung khéng doi ximg

Tir khoa: phuong phap toan tir FK, phuong trinh Schridinger, ndng luong, ion phén
tir hydro H, .

ABSTRACT
The FK operator method for solving the Schrodinger equation of ion H ;

The FK operator method is used for solving the Schridinger equation of the
hydrogen molecule ion H,. We obtained energy for the ground state ls and the first
excited states 2s with error less than 0.03%. Although in the paper, calculations are
carried out for H,, the method can be applied similarly to other molecules without
symmelry.

Keywords: operator method, Schrédinger equation, energy, hydrogen molecule ion
H).
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1. Mé dav

Ion phén tir hydro H, la phén tir don gian, duge tao thanh tir hai hat nhan hydro
va mot electron. N6 déd dugce nghién ciru vao nhimg ngay dau clia co hoc hrgng tr [9,
10] va van nhan duoc nhiéu sy quan tdm dén hién nay [3, 4, 7]. Viéc xac dinh ham
song cia ion phan t'r H. véi do chinh Xéc cao cung cap dir kién diu vao chinh xac cho
cic nghién ciru vé phat xa séng diéu hoa bic cao, chup anh nguyén tir, phan tir bing
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xung laser [4]. Ngoai ra viéc mb t4 chinh x4c ion cung cAp nhimg thong tin cén thié
dbi véi cac nghién ciru quang phé cua sao neutron trong thién van hoc [8]. Mt khac,
day cling 12 bai todn co ban dung dé kiém tra tinh hiéu qua ciha cac phuong phép gia
phuong trinh Schrodinger cho céc bat toan hé nguyén tir nhidu tdm do sy don gian cia
né va di duoe ap dung boi nhidu phuong phdp khac nhau: phuong phap GPS
(generalized pseudospectral method) v&i d8 chinh x4c 11 chit sé thdp phéan, phuong
phap FC (free-complement method) véi db chinh xac 18 chit sé thap phan. [3, 4)
Trong céng trinh ndy, ching t8i 4p dung phuong phép toan tir FK [5] dé giai
phuong trinh Schrédinger cho ion phén tor hydro HJ. Phuong phép nay da duge 4p
dung thanh céng cho cac bai toan nguyén tir, phan tir, dac biét la bai toan hé nguyén ti
hai chiéu, cho phép thu dugc ning lugng va ham séng chinh xac [6]. Pdi vdi bai toan
ba chiéu, phuwong phép cling d3 4p dung bude dau dé x4c¢ dinh nghiém s6 cho bi toan
nguyén tor hydro, trong do co su dung phép blén d6i Laplace dé dura toan t toa df

trong thanh phﬁn twong téc Coulomb ra khoi miu s, dua Hamiltonian vé dang thuan
loi cho bién d6i dai s6, va xay dyng ham séng co s& cho bai toan hé nguyén tir ba chiéu

[1, 2]. Viéc 4p dung phuong phap todn tir FK cho bai toan ion H 1a mt budc phat
trién phuong phap va cling 1a budc d4u dé nghién ciu bai toan phirc tap hon va chua cé
nghiém vai chinh xac cao la ion H, trong truong ngoai voi cudng do bat ki,

Cau tric bai bdo gbm ¢6 ba phin chinh: phan thir nhat giéi thiéu phuong phap
toén tir FK va ap dung cho bai todn ion Hy ; phan thir hai trinh bay két qua thu duoc va
thao ludn; cudi cling 1a phan két lugn va dy kién phat trién cia 82 tai.

2. Phwong phap todn tir FK cho bai todn ion H,

Phuong trinh Schrédinger cua ion H, khi xét dén gﬁn ding Born-Oppenheimer
trong h¢ don vi nguyén tur:

H|¥)=E|¥),
2 2 2

ﬁ":_l[a a’+a’]‘ i 225, ()
O 5}’“ Oz \[x'+y“+(z——Ri)" Jx2+y1+(z+}??)' R

trong d6 Z,, Z, 1a dién tich hat nhan 1 v3 hat nhén 2; R, R, lan !um 12 khoéang cach giita
electron voi hai hat nhén; R 13 khoéng cach giira hai hat nhin. O déy, 1a sir dung hé don
vi nguyén to: don vi nlng Jugng s& ld& nang lugng - Hartree
E, =me'/4h'e’ =2Ry=272¢V, don vi d6 diai 1a ban kinh Bohr

4
a=ch’/em=053A.

Tiép theo, chiing téi 4p dung phuong phép toan tir FK két hop vdi phép bién dbi
Laplace dad dugc dua ra trong ‘[1, 2]. Quy trinh nﬁ}r gt’jm boén bude co ban: (1) Su dung
céc toan tr sinh hily ba chiéu va phép bién d6i Laplace dé& viét lai phuong trinh
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Schrédinger trong biéu didn dai s&; (2) Tach Hamitonian thanh hai phan nhu 1y thuyét
nhidu loan, trong @6 phan chinh chi chira cac ton tir trung hoa (cac toan tir chira sb
toan tir sinh bing sé toan tu huy), ¢6 nghiém 1a dao ddng to diéu hoa, phﬁn coOn lai
duge xem 13 nhieu loan; (3) X8y dung bd ham séng co so 13 nghiém riéng chung cia
dao ddng tu diéu hoa va toan tir hinh chiéu moment quy dao lén truc z do hé vét 1y ¢6
tinh d6i xtmg try. T d6, xé4c dinh nghiém chinh x4c bac khong (nghiém riéng cua phan
chinh). Chti y ring trong cac toan tir sinh-hlly, ta ¢6 dwa thém tham s tu do ® vao.
Hamiltonian cia bai todn khong phu thude vao gia tri tham sd nay, chi ¢é céc thanh
phéan tach ra phu thudc vdo @ . Do d6 viéc chon gia trj @ phu hop s& giup thu duoc
nghiém chinh x4c bac khong véi do chinh x4c cao; (4) STt dung cac so d6 cua ly thuyét
nhi&u loan dé tim nghiém sé chinh x4c cho bai todn. Cac két qua cu thé trong quaé trinh
tinh toan dugce mo ta nhu dudi day:

Hamiltonian trong biéu dién dai 56 c¢6 dang nhu sau:

a 't
_2(2:+1)_

—tx K-i

@ A
H=—~4—~(M —N+M) R ;22 de

exp

(2)

555w (2:11]"”‘(@*)" @ (T 6 ()

f,-{::-ﬂh_uu_nf 'L, 'I 'I '

trong d6 @, =(-1Y2R 2w (j=12) va N=2a'a,+3, M*=(@). M=& 1atd
hop ctia céc toan tir sinh hity ba chiéu:

n @ 1 ¢ e (v 1 @& 3
Y R ol By e ©)

voi j=1, 2,3 trong Ung vdi ba truc Ox, Oy, Oz; @ 13 tham sb thue duong duoc dua

vao nhim hiéu chinh téc d6 héi tu cia bai toan. Cac todn tir nay thda cac hé thirc giao
hoan:

a,a; |=6,. (4)

Do d6, N, M*, M cling tao thanh mét dai s6 kin véi cac hé thirc gi1ao hoén:

N ]=abr,  [Aar]=28, [#R]-
- . . . (6)
MG =24, [a,M*)=2d;, 1a.N|=24, [N,a5]=24].
Céc bidu thirc giao hoén (4) va (6) chinh 13 co s& cho cac tinh toan dai s0.
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bl

Phén chinh va phéan nhiéu loan ctia Hamiltonian ¢6 biéu thire nhur sau:

v talfs PSP I
‘\[2; ,Zj.dfe ot Z z ”4

_2(2; +])_‘i:{" =0yl fl h: !I_'l I(II +f3 _f"'f)!

(s ) o (Y o )

Fa iy

et —talf 2,2 o O o
Ny T g IS S e

2(2r+1) ’I-UJJEU’,':[} h“{l II !Iz !IJ!I“!

-t Y + Y Nz, \h [ m (7)
(5] () @) (Vas) ™ (o) o)
B0 ham song co s¢ dugc x3y dung co dang:
I, j.m) = - Gy s ) @) o), ®

(n=2j—|m)! 11(j +|m]>!
véin la sd lrong tir chinh (n=0,1,2,...), m 14 50 luong td ta (m=0,%1,%2,...,%n),j 12
_”_lm‘_
= 2 -
hiy (3), duoc dua ra dé chéo héa hinh chiéu moment déng lugng lén truc Oz

» 0 B ) fara aes
L__=—I[Ia—y'“y5-;}=l(ﬂzﬂl—ﬂlﬂz):

s6 tr nhién (=0,1,2,..., ), c4c toan tit #,,4,,#, 14 td hop cia céc toan tir sinh

N S
HI=—'\/-§-(H|"I'HE), H. 1/—(“| +i’ﬂ'2 ):

J_(a, +ia,), #, —T(a, ~iay), (%)

H3=H3 y “ﬂ. =a_1l

Khi dé, ta thu dugc nang luong gén ding bac khong 14 nghiém cua phwong trinh:
ﬁﬂ W ) _ E(ﬂ)lw{ﬁ)) ,

nhu sau:
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sl eyl

E® o -—(2?1' 3) _Z__Z___@ 7 i 3212k (j+m)! !
- = e (=BT~ M)t (ke m)lh!
Mm[:'ﬁi m_;;‘;)(n_z pam) 2 (-2 p=pr)i2 (__1)!’*# (ﬂ' )2"'4-’“2'?—2”-2”-2’ (n—2j-—m)!
> ; p=0 gD p!q!r!(n—Zj-:-muZp——r)!(H—2_}'“??7“2‘?“?')!

e EIE IIH-—E;-q-—p-!m-ih-!r-—]ﬂ

x |ex ! dt, 10
J p _4(2f + 1)_ (2!‘ + l)ln-Z‘;-p-q—m*r+3 2 ( )

va céc yéu té ma trén ciia Hamiltonian:
X » 2.J(_;+m+l)(j+l) w20y +J(n —~2j-m+)n-2j-m+2)0,,,,0 .
s 4 +2J(_;+m); 320,01 +\fn -2j- M)(H""z_} m-14,.,,9,

[4 =(2n+3)+ 2 Zf ]5 S .

LY N

_\/Z—ﬂ} ZZ ﬂff%;'] (_])JH'-EH 2;+_,r’-2h 'J(_] N m)!j,!u + H’I)!f!

Nz 5 = (/- B j-h) (h+m)th!

M,,,(#-’i-*j;gp)["_,u_m} (w2 )2 ( l)p-l'-q (al)H-Ij—lq+n’—2_j'-3p—2m—?_r (n'—-2j'—m)!(n-2j-m)!

real) ) =D p.q!r!(n‘—-.’Zj'—m—2p-—r)!(n—2j-m-2q_r)!

- [ —-ﬂz rz 1 rn—;-q+Jr'-_.r'-p-2m-Zh~2r-H2
X |€X =gt = == 3} l'if (1])
5‘. p_4(2:+])_(2;+1)"‘”’+ Sy

Dé xac dinh nghiém s6 chinh xic, ta su dung so dd tinh b chinh bac cao cua
phuong phép Iy thuyét nhifu loan. Ham séng gén ding & vong lap thir (s) duoc xéc
dinh nh sau:

(¥4 =|nj) +ZZC‘

n“ﬂ_; e
n'En jhe »

(|} |n' ")) (12)

va SO dfi vong lap dugce sir dung dé tim nghiém chinh xac ¢6 biéu thic 1a:

AEX N
E,ﬂj H +> > C
n'=0 =0
* +§ 2y (In)=|n i) in" iy =m' i) 5C, =1). (13)
C{t+|} Hirrll »'=0Q y'=0 " :‘T
" E” -H, .

3, Két qué va phan tich

So ¢ vong 13p va ngdn ngit 18p trinh FORTRAN 90 dugc sir dung, ta thu duoc
cac mire néng luong va ham séng cia ion A, . Tham sé ty do @ dugc xéac dinh theo
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didu kigén OE® / 0w = 0 &3 duge thao ludn trong [6]. Tuy nhién, khi siz dung @, tir digu
kién nay toc dd hoi ty cua bai toan chwa cao. do 46 gia trj @ duoc thay 461 quanh w,
sao cho tdc d6 hoi tu cla bai toan 12 t8i wu. Trong bai bao nay, dé tién loi trong qui
trinh so sanh két qua véi cac cbng trinh trude day, khoang céch lién hat nhin duge
chon cé gia tri R =2ax.. Quy trinh tim nghiém cho bai toan ion H, bang phuong
phap toan tir FK khdng phu thude vio gia tri cu thé cla Z,, Z, va khoang cach lién hat
nhan R. Do d6, cic tinh toan trong bai béo ndy ¢6 thé duge sir dung dé giai bai todn
mot dién tir lién ket véi hai hat nhan khong doi ximg Z, # Z,.

Ning Jugng cia ion H, & céc trang thai khac nhau dugc trinh bay trong bang 1.
Ngoai ra, phuong phap toan tu FK con cho phép thu duoce ca ham song cua hé thong
qua cac hé so khai trién C}.

Bing 1. Nang lugng cuu ion H, ¢ trang thai co ban 1s véi w =3.0
va trgng thai kich thich thir nhdt 2s v6i @ =1.5 itng vdi cde vong Idp khdc nhau

rang thai \ L
mﬁ’\ Co ban Kich thich thir nhat
30 -1.102109360407 -0.666536876883
40 -1.102377865935 -0.667017728455
50 -1,102462856339 -0.667131242217
60 -1.102514363103 -0.667238892288
70 -1.102535250406 -0.667308997383
80 -1,102554817426 -0.667331211756
90 -1.102568081645 -0.667368812417
Cong trinh [4] -1,102634214495 -0.667534392202
Sai 50 0.000059977 0.000248047

Két qua ning lur,mg & trang thai co ban va kich thich thir nhét tring ba chit s
thép phan va ¢6 sai s6 nho hon 0,03% so voi két qua duoc dua ra trong cong trinh [4],
Két qua cho céc trang thai kich thich cao hon ¢6 sai 6 16n hon va téc do hoi ty cham
hon, Vi dy, nang lugng thu duge cho trang théi thich thir hai (n=j=0,m=1) & vdng
13p thir 60 12 -0.428349675112, sai s6 so voi két qua cong trinh [4] 12 0,1%. D9 chinh
xac ndy chua cao so véi cac phuong phap khéc. Cé thé xée dinh nguyén nhén 1a do bd
ham séng ¢o s& dang st dung 13 nghiém cla dao déng tir didu hoda trong khi ¢4y 13 bai
toan cho nguyén tir. Do d6, trong ¢4c budc phat trién tiép theo, cén c6 nhitng cai tién dé
thu dugc nghiém ¢hinh xac hon.

72




L

)

—F

TAP CHi KHOA HQC BHSP TPHCM Nguyén Thi Hong Lanh va tgk

4, Kétlnin

Trong bai bao nay, phuong phap toan ta FK két hop véi phép bién dbi Laplace da
duoc ap dung dé tim nghiém coa phuong trinh Schrodinger cho bai toan ion H, . Két

qua thu duoc ca niing lugng va ham song cho ion H véi sai s6 dudi 0,03%. Piéu db
chimg té rang phizong phap toan tir FK v6i phép bién ddi Laplace ¢6 thé 4p dung duoe
cho cdc bai toan hé nhiéu tAm. Tuy nhién, dé khai thac hét tiém ning cia phuong phép
va thu duge két qua c6 v nghia vé d6 chinh xéc nhu trudmg hop bai toan exciton trung
hoa cin ¢b sy cai tién. Ching t6i nhén thiy ring viéc sir dung bd ham song co s& l1a
ham séng cua dao déng diéu hoa trong khi phuong trinh Schrédinger dang giai 14
phuong trinh cho nguyén tir chinh 12 han ché, do d6 ching t6i ciing dé& xuét hudng cai
tién bing cach dua thanh phan tiém cén e mil cia ham sdng nguyén tir hydro vao ham
song cla ion H, .

Ghi chu: Nghién ciru nay dwgce tai tro boi Quy phat trién khoa hoc va céng nghé
guéc gia (NAFOSTED) trong dé tai md s6 103.01-2013.38 va boi Truong Dai hoc Sw
pham TPHCM trong dé tai edp co so ndm 2015, md sé C82015.19.69.
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