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PHlTOlNG PHAP NGUYEN LY CUC TRj GAUSS 
TiNH D A Y DOfN Cd CHIEU DAI D A Y KHAC CHIEU DAI NHjF 

VA ANH HlTfllNG CUA NHIET DO 

Tdm t i t : Bii bio trinh biy phddng phip nguyin ly 
cdc tri Gauss ip dung vio thiit lip vd giii bdi todn tinh 
kit ciu ddy mim dgng ddn giin chju tdc dgng cua tii 
trgng vdi cdc trddng hgp- Ddy ddi hdn nhjp, diy ngin 
hdn nhjp vd diy chiu inh hddng cua thay dii nhiit dd-
Phddng phip tinh kit ciu diy trinh biy trong bdi bdo 
cho phdp xdc dinh ddng thdi d idc cdng vd chuyin vj 
cua diy md khdng cin gii thiit trddc dd vdng cua diy 
nhd cic phdang phip hiin hdnh. 

Abstract: This article presents application of the 
Gaussian Extreme Principle method to formulate and 
analysis of simple cable subjected to concentrated load 
and temperature variation, the length of cable can be 
longer or shorter than span The presented method 
allow to determine both internal tension force and dis­
placement of cable without knowing the dip of cable. 

Ddt van de 
Tfnh todn day ddn Id mdt bdi toan ed bdn trong 

phan tfch cdc k i t d u ddy vd hd treo. Trong tfnh todn, 
day dupc xem Id day m i m chl lam vide chju kdo, bd 
qua kha ndng chju udn. Tfnh todn day ddn hien nay 
dpa trdn dudng cong ddy xich do trpng lupng bdn thdn 
(the common catenary) cd dgng hyperbolic hodc 
parabol [5,6,7]. LUc cdng trong ddy chf dupe xdc dmh 
khi dd b i l t trudc dd vong Idn nhat cOa ddy. 

Trong bdi bdo trudc [3], tac g i l dd dp dpng phUPng 
phdp nguydn Iy cUc tn Gauss d l thid't lap hd phUdng 
trinh cua bai todn tfnh ddy m i m dUdi tac dyng tdi 
trpng tap trung khi xet ch i l u ddt ddy bdng chieu dai 
nhjp, eho phep gidi dupe d i n g thdi chuy in vj vd Ipc 
cang trong ddy. Khi day chju tdc dyng cOa t i i trpng 
hay nhidt dp, ddy se bj bien dgng so vdi luc trUdc khi 
chju tac dyng cOa tdi trpng hay nhidt dp; Ipc edng 
trong mdi dogn ddy se phy thu6e vdo 66 ddn ddi vd 
do 66 Id chuyen vi cOa dogn ddy. Ap dyng phuong 
phdp nguydn ly cpc trj Gauss se ldp dupe phld'm hdm 
b i lu didn lupng cudng bUc trong ddy 6 trgng thdi khdo 
sdt [3]: 

2 = X ]K^A - Z /̂ V, -> min 

N l u khdng xdt lUc phdn bd do trpng lUpng bdn 
thdn cOa ddy thi cd the xem r i n g dp dan ddi vd Ipc 
cang trong mdi doan ddy la hdng so. Trong phid'm 
hdm Z, can xem b i l n dgng *", ddc Idp vdi npi lye ^< 
; chuy^ln vi v, ddc ldp vdi ngogi Ipc P. . TQ d i l u kidn 
cue tieu cOa phiem hdm se ldp dupc he phUPng trinh 
phj t uy ln chUa an sd Id gid trj chuyen vj cOa ddy tgi 
diem dat tdi, sau khi gidi se xdc djnh dupc trgng thdi 
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b i l n dgng eua ddy vd Ipc cdng trong ede dogn dSj 
tUdng Ung. 

Dudi ddy se l l n lupt trinh bdy cdch xdy dpngl'ie 
phUPng trinh vd Idi gidi cho cde trudng hpp ddy dOi 
chju tdc dpng cOa lye tdp trung khi ch i l u ddi ddy khdc 
ch i l u ddi nhjp vd khi cd dnh hudng eua sp thay diii 
nhi$t dd. 

1. Trudng hpp ddy ddn cd c h i l u ddl ddy ddl htfn 
c h i l u ddl nh jp 

Xdt bdi todn ddy ddn treo trdn hai g i i ngang mtlc 
AB cd c h i l u ddi ddy / ldn hPn c h i l u dai nhjp / „ , chju 
Ipc tdp trung P tdc dyng Idn ddy tgi d i lm cdch iJSu 
g i i A khodng / , , 66 cUng khdng keo cOa ddy Id EA, 
gid th i l t trpng Ippng bdn thdn cua ddy nhd vd co the 
bd qua (hinh 1). 

Hmh I.Sadd tinh ddy dan cd chieu ddl dSy Wn 
han chieu ddi nhjp 

Bdi toan ddy Id bdi todn phi t uy l n , v) vdy c in ptiSi 
xdc dmh trgng thdi ddy trudc khi ehiu tdi roi so sanh 
trgng thdi sau chju tdi vdi trgng thai trUdc dd. 

- Xdc dmh trgng thdt ban ddu cOa ddy trudc khi 

chju tdt. Trong bdi todn ddy c6 chieu ddt ddy ldn hifn 

nhjp, VI tri ban d i u cOa ddy trudc khi b i l n dgng la 

AC„B vdi c h i l u ddi cdc dogn ddy Id /, _ /, da biltva 

/ , + / , = / , khi dd tpa 66 d i l m c „ dupe xdc djnh: 

•<o = [1/ + ir' //' )/(^/«); .V. = V ^ / - V ,1, 

- Xac djnh trgng thdi cOa ddy sau khi b i ln dgng 

DUdi tdc dyng lue P, ddy bj bien dang, trang thdt dSy 

sau khi b i l n dgng Id A C , B . Gpi " , v tudng Ung la 

ehuy in vj cOa d i l m ddt Ipc theo hai phUdng x, v. Ta 

cd tpa dp cOa d i l m C,; 
x,=x„+u;y,=v (2) 

Ch i l u dat cdc dogn ddy sau khi b i l n dgng: 

s,=ylx/+y,'; ^.=/{/„-:^,)'+^/ (31 
- So sanh trgng thdi cOa ddy sau khi chju \\ic\^t 

trung P vdi trgng thdi trudc dd. Ta ed b i l n dgngtRffS 
ddy: 
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" ' - ^ '• "'--f;- (4) 

Lpc cang trong ede dogn ddy: 
N, = EA.£, ; N^ = EA.£^ ,gv 

Theo phUdng phdp nguydn Iy eye tri Gauss ta v i l t 
lupng cudng bQc bdi todn: 

Z = N,e,l, + A ĵe'j/j -Pv-> min 

2. Trudng hpp ddy ddn cd chieu dai day nhd 
hdn c h i l u dai nhjp (ddy cdng trUdc) 

Xet bdi todn ddy ddn treo trdn hat gdi ngang mUc 
AB cd chieu ddi ddy / nhd hdn chieu dai nhip 'o, chju 
iQc tdp trung P cdch g i i A khodng A , dd cUng khdng 
keo eua ddy Id EA. (hinh 3). 

Didu kidn epe trj cOa ph i lm hdm Z: 

du du du 

(6) 

(7) 
- 0 

dv ' ' dv ^ ' dv 
Hd (7) Id hd hai phuong trinh phi t uy l n ehUa hai 

an s l w.v. SU dyng phUdng phdp gidi s l dung dan de 
giat, d ddy tdc gid dung hdm fsolve trong phan m i m 
Matlab, gidi xdc dmh dupc " . ' • vd thay vdo cde b i l u 
thUctU (2) d i n (5) xdc djnh dupe Ipc cdng trong ddy. 

V i du 1 : Ddy ddn cd c h i l u ddi nhip A, = 100m, 

chieu ddt ddy / =100.5 m, EA = 1708000 kN; Ipc tdp 

trung P = 100 kN dat cdch got A mdt khodng /, =30 m; 
K i t qua tim dupc d i l m ddt luc ban dau ^o = 

. 29.6488m; .Vo = 4.5773m vd not lUe, chuyen vj dUde 
the htdn trong hinh 2. 

, k°::i<|.liih°IM>:i , 

o:iOc 

Hinh 2. Kit qui bdi todn ddy dan c6 chieu ddl 
ddy idn han chieu ddl nhip 

So sdnh vdi trUdng hpp ddy ddi bang nhjp (bdng 1) 
Bang 1. Kit qua tinh toin ndi Itfc, chuyin vf 

Hinh 3.Sad6 Unh ddy dan cdng trudc 
• Trgng thdt trudc cua day dupc xdt Id khi cang ddy 

v l gdi. D i l m ddt Ipc ban d i u Id '^-'•^, tuong Ung cd 

ch i lu ddi cde dogn ddy Id /,, ' . , ( / , + / .= / . , ) . 

Khi keo ddy v l gdi, d i lm C„ se di ehuyin tdi diem 

^ k , tUdng Ung co ch i lu ddt cdc dogn ddy Id hk, ' i * , 

(/,* + ' : . =/* ='„). Kht dd ed t h i v i l t : 

n I I ^ ' 2k 0 a ^g j 

Trong day xu l t hidn lUe edng trUde: 

A',, - N,,- N, = EA-^^^ n 2^ ^ / (9) 
- Trang thai sau cua ddy Id khi tdc dung lUe tdp 

trung P. Khi tdc dung lUc tgi d i lm C^ thi vj tri mdt cOa 

lUc sd Id "-p, tUdng Ung cd ch i lu dai eae doan ddy Id 

'^1, ^7. Goi w,v la ehuyen vj cOa d i lm ddt luc. Ta cd 

tpa do cua d i lm *^P : 

x,=l„+u ; y,=v ^̂ Qj 

Chi lu ddi ddy sau khi tdc dung lUc P: 

^yi ik- ^y, 

Ket qu^ 

l > lo 

l = lo 

« ( m ) 

-0 0106 

-0.2845 

V (m) 

0 119 

1.7286 

/ / . ( kN ) 

449 613 

1216 208 

A ' , <y.vti 

445,061 

1214 560 

(kN) 

012e-g 

3 486-10 

£Fy 

(kN) 

053e-10 

0 45e-11 

{11} 
- So sdnh trang thdt cua ddy sau khi chju lUe tap 

trung P vdi trgng thai trudc dd. Ta cd b i l n dgng trong 
day: 

In EA U EA 
^' Trong bang 1 ta thay so vdi trudng hpp ddy ddt hdn 
nhjp ( ' > /o) vd cung vi trf ddt Ipc cho ta k i t qud ndi 
luc nhd hPn rdt nhieu so vdi trudng hpp ddy ddi bang 
dat nhjp ( ' = ^o). 

Trong cac trudng hpp d i u k i lm tra d i l u kidn cdn 
3ang nOt, tong hinh ch i l u cdc lUc theo cde phUdng 

r^/^jc=o./2 /o-'i=' o 
Khi ddy ddi hdn nhip: \,,_, 

l^Fy =0.5310"- O 

P- =. ['TFX = 0.4S JO-"'i" O 
'' Khi ddy ddi bang nhjp: J 

\^Fy =0.45 10" == O 
«i D i lu kidn cdn bang thda man cho thay k i t qud tinh 
joan Id hoan todn chfnh xdc. 

(12) 
Trong cdng thUe , ndu khi khdng tdc dyng Ipc P thi 

u = V = 0 _ .s, = / „ ^ -^2=4* vd b i l n dgng chl Id do lUc 

edng trudc ^i,. 
Lpc cang trong day: 

A', = EAs,; N, = EAe^ n 3) 

Theo phUdng phdp nguyen ly eUc trj Gauss, lUdng 
cUdng bUe bai todn dupc v i l t : 

Z = i,^N,£j + l^^N^E^ -Pv -^ min 

Dieu kidn eUc tri cOa phiem hdm Z: 

dZ , ,, 8s, , . , d€, 

(14) 

du du du 

dv dv dv 

(15) 

He Id he phUdng trinh phi tuyd'n cd hai an u,v. 
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GiJi he tren ta ducjc c i c chuySn vj « . v , thay v4o cSo 
bieu thiJc tir den x4c dinh diftjc Wc cSng trong d4y. 

V i dv 2: Bai to4n dSy cSng trJflc, chiSu d i i dSy 
/ = 99.5 m, ch i l u d4i nhip ',,=100 m, EA = 1708000 
kN, P = 100 l<N: vi tri dl,! I<i6'n d j t î tc '• = 30 m. 

Ket quJ t h i hiSn tr6n . Ki^m tra d i l u l<i$n cSn bSng 
nut dUdc th6a man: 

Y,Fx= 0.7SI in ' " i " O 

^ / • i = 11.77 10 '••= O 

cOa phi^m h im ; 

du, 

dv, 

GiSi h$ phudng trinh phi tuy^n x i c dinh dUdc "i,^i 
v4 x i c dinh dKdc trang t h i i d i y A C i B . 

Khi nhi^t dO mdi trudng thay ddi mot lUdng 41, 
ch i l u d i i d i y dudi i n h hudng cCia nhi#t dO: 

DiSu 
dZ _ 

du, ' 

dZ _ 

dv,' 

W<^ 

l,N,^ 

l,N„ 

n cue tri 
3e„ 

du. 

ds,, 

~d^ 

- + I,N„. 

+ l,N,, 

s,, =.v,(/ + aA/);.Vj, =i ' j ( /+aA/) (22) 

Hinh 4. Kit qud tinh ddy dan cdng trudc 
- So sdnh vdi k i t qud khi ddy cung ch i l u ddi nhjp, 

cung dd Idn vd vj trf ddt tdi nhUng khdng edng trUdc 
so sanh vdi trudng hpp ddy ddi bdng nhj (Bdng 1), rd 
rang khi cdng trudc, lyc cdng trong ddy Idn hdn nh i lu 
nhung ngUpc Igi chuyen vj cOa ddy r i t be. 

- Khl cho 'o = / , k i t qud trd v l vdi bdi todn ch i l u 
ddi ddy bdng ch i lu ddi nhip. Khi eho P = 0, ndi Ipc 
trong ddy ch? cdn la do lpc cdng trudc. D i l u dd khang 
dinh cdch gidi bai todn Id chfnh xdc. 

3. Bdi todn ddy ddn xet dnh hudng cua nhidt dd 
Xet bai todn day ddn co 66 cUng keo nen EA, 

chieu dai day I bang ch i l u ddi nhip '» , lpc tap trung 

P ddt each goi A khoang ^ , sau khi tdc dgng Ipc tdp 
trung, nhidt do mdi trudng thay dot lupng t, (hinh 5) 

trong dd: a Id hd s l gidn nd nhi^t. At Id thay ddi 
nhidt d l mdi trudng. 

- Trgng thdi ddy sau b i l n dgng 

Gpi " 2 ' '^2 Id chuyin vt cOa Cp, tpa dd cua dilm Cp: 
x^=x,-^-u,;yj^y,+v, (23) 

Ch i l u ddi ddy: 

^/ = 7 ^ / + r / ; ^? - \liio - Xl)'+y2' \2i) 
- Sd sdnh trgng thdi sau b i l n dgng so vdl Ir̂ ng 

thdi trudc 66, ta cd b i l n dang trong ddy: 

^^d^^^^K.^ j2-h. ^^>. 
' s„ EA ' •' 5,, EA (^' 

Lpc cdng trong day 

N, =EA£/, \ . = EAe, (26) 

Theo phuong phdp nguydn Iy cue trj Gauss, lil̂ ng 
cudng bUc bdt todn dUpe v i l t : 

Z = s,,N,£, + s,,,V,£-, -Pv, -> min (27) 

Dieu kidn cpc trj cOa phiem hdm Z-

dz 
du, ' 

= s„N, 
dc, 

' du. 
= 0; 

Hinh 5. Tinh ddy dan chju Itfc tip trung vd nhiit dg 
- Trang that ban dau cOa ddy Id trgng thai ddy chju 

Ipc tap trung P, dd co k i t qud nhU trong [3]. 

Dudi tdc dyng tdi trpng P, d i l m ddt tdi "̂ î di 

chuyen tdi c , . j p a 66 6 i lm C^ ia x„ = /, ^ ,,„ = 0 . 

Gpi " I '^ i la chuy in vi cOa 6 i l m ddt lpc C „ , ta c6 

tpa dp cOa d i lm C, ; 

x,=x,+u, • y,=y,+v, ,̂gj 
Chi lu ddi day sau khi b i l n dgng: 

dv. ' dv, ' ' dv. 

G i i i h d tim dUdc nghiem " T - ^ ' ' , thay vao cic bî u 
thUc 23 ^ 26 x i c dinh dUdc ndi IUC trong d iy . 

Vi dM 3: Bai t o i n day ddn cd chieu dai day bang 
ch i l u d i i nhip / = /„ = 100 m, EA = 1708000 l<N, lilt 
t i p trung P = 100 l(N d i t c i c h gdi l<hoing ', = 30 m, 
Nhi0t dd mdi trudng thay ddi At =15°, he sd dan ni 
nh id ta = 11,7x10-»mm/°C. 

Kdt q u i thd hiSn trSn Hinh 6. 

Bien dang cCia c i c doan day: 

" / , • " " / , • 

Luc cang trong cac doan d i y : (18) 

(19) 
Ta Viet iUdng cUSng bifc bai toan: 

Z - ' , « „ « „ + hf„<i,, - Pv, ^ min pO) 

-1_ t" 
Hinh 6. Kit qui Unh day dan chju life t$p trim 

vi nhi$t d^ 
Trong bai to in nay ta thay, vdi nhiSt dp t ing Dt=15° 

thi d i y se dan, luc cang trong d i y la: « , =1124.1339kN, 

« , = 1122.3505 l<N g i im so vdi trudng hdp chi c6 i l lc* 

trung ma khong xdt i n h hudng nhiSt * 
N ,1126.2080kN, N2p= 1214.5061kN. 

Gi i i b i i toan vdi c i c trudng hdp thay ddi nhiit do khac 
nhau. Kdt q u i the hien trong (B ing 2). 

file:///liio


KHOA HQC - CONG NGHE Tap Chi GTVT 8/2012 j 

Bing 2. Kit qui tinh ddy dan chiu tii trgng vd 
nhiit dd 

atrc) 

- 1 5 

- V l 

\ l l ^ 

N^ 

^li^ZZfA 
2 9a-015 ^ ^ o ^ 1 3 

(KN) 

ol^l-g 0 560-11 

Trong bang ta thay n l u ta eho Dt=0, se nhdn dUpc 

kitqud: u^-2.9e-015 = 0 v̂  = - L 2 e - 0 l 3 = 0; kit 

qud trd v l bdi todn ddy chi chju lpc tdp trung, 
Cdn ndu cho At <0, thi luc cdng trong day Igi tdng. 

SF, ,£Fy trong ede trudng hpp kiem tra cdn b ing nut 
d i u thda man . Dieu dd cho thay rdng k i t qud Id hodn 
todn chfnh xdc. 

4. Kdt Iugn 
PhUdng phap nguydn ly cue trj Gauss cho Idi gidi 

ehinh xdc vd not lpc va chuyen vi cOa ddy dUdi tdc 
dung cua tdt trpng tgp trung treo trdn ddy vd tdc ddng 
ctlta b i l n thidn nhidt dd. PhUdng phdp tfnh ddy ddn 
cua tac gid trinh bdy 6 ddy cho phdp xdt dupc cd dnh 
hudng cOa ch i l u ddi day so vdi ch i lu ddi nhip cdng 
day d i n not luc trong ddy. 

Khdc vdt Iy thuyl t tinh ddy hidn nay, phUdng phdp 
nguydn Iy cue tri Gauss dung tinh todn ddy ddn Id 
tong qudt hdn, da dUa ra cae k i t qud tinh todn dong 
thdi cd ve chuyen vj vd lUc edng trong ddy ma khdng 
can cho trudc gia tri eua dd vdng Idn nhd't, ddc bidt 

edn eho b i l l chuyen vi ngang Id v i n dd khd trong ly 
thuyet tinh todn k i t e l u day. 

Do bdi todn ddy Id bdi toan phi tuy ln hinh hoc ndn 
kht xdy dung lUpng cUdng bUc vd cdc phUdng trinh 
tinh todn e i n ehu y so sanh trgng thai chuyen vj vd 
b i l n dgng eua ddy trUdc vd sau khi chd't tdt d l nhdn 
dupc Idi gidi dung Q 
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PHAN TICH HIEU QUA... 
(Tiep theo trang 39) 

+ Cao trinh dinh chdn kd qud cao, nam trdn mpc 
nudc thap, ndn dd bj moi xdi vd lam sap mdi kd. 

+ Cdc logi 6'ng buy hinh dang khac nhau khdng cdt 
thidn dupc tinh hinh xdi chdn ke. 

+ Mdt so ndi th i l t k l tam giang I n g buy bang do 
BT tai cho, khdng cot thdp, thdm da ngoai ong buy 
cung do' vQa BT true tiep Idn tham Id khdng hpp ly. 

2.3. Nhdng van de ve thi cdng 
+ Dp kin giUa cdc dng buy, cho du Id loai I n g trdn, 

I lyc ldng... nh i lu trUdng hdp d i u khdng bdo ddm. 
+ Neu gia c l chdn ke bien bang he coc, bdn, thi 

vUa ed gid thanh cao, vUa khd khan trong thi cdng hg 
cpc trong dieu kidn sdng gid, nhat Id 6 vung d i t cdt. 

3. Mdt sd'kjen nghj 
- Ndn th i l t k l chdn ke dO rong, dO sdu, nhUng ehu 

trong hdn chieu rdng, nhu mpt them gidm sdng. Chieu 
rdng t l i thieu bang 3 l l n ch i l u cao sdng. 

- Chan kd phdi dgt thap hdn muc nUdc tr i lu kidt, n l u 
mpc nude kidt qud thdp so vdi dja hinh bd thi can cd k i t 
cau tu6ng cU d6ng sdu xu ing dudi mUc nudc kidt. 

- Cdc khdi dd hoac cau kidn tgo ndn lang t h i chdn 
ke cd du trong lUpng vd tdt nhd't Id cdc khoi bd tdng 
dl hinh. PhUdng phap tinh tddn nhu sau: 

Van toe cpc dgi cOa ddng ehdy do sdng tgo ra 6 
chdn dd duoc xdc dinh: 

TT.L 
.sinh. 

4;di (1) 

Trong dd: \/n\ax' ^ ^ " t i ccyc dgi cOa dong chdy (m/s); 
Lg, Hg - Chieu ddi va c h i l u cao sdng thiet k l (m); 

h - Do sdu nUde trUdc dd (m); 
g - Gia toe trpng lUc (m/s^); 
- Trpng iPpng on dtnh toi thieu cOa vidn dd d chdn 

khay ke mdt dd bien G^ dupc xac dinh theo bang 1. 
Bang 1. Trgng lUtfng on djnh vlin dd theo Vf^ax 

V.„(nVs) 

QjOig) 

2.0 

« 
3.0 

80 

4.(1 5.0 

14(1 200 

- Mdt sd hinh dnh ve cdng trinh gia c6 chdn kd d 
npdc ngodi: 

Chan kd bien d Hi Lan ciiinkd bien dTriing'Quoc 
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