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T O M T A T 
Bai bao phan Ioai cac cap do phat hien bat bien hinh hoc trong qua trinh chiing minh vdi su ho trg 
cua phan mem loan hpc dgng. Dua tren cac cap do nay, sinh vien co the nhan thay dugc vai tro ciia 
viec phat hien bat bien trong qua trinh tim ldi giai cho mpt bai toan. Tir do giiip cac em co the 
phan biet dupc bat bien ciia cac nhom bien hinh khac nhau va biet su dung nhung bat bien phii hgp 
trong giai cac bai loan so cap, Dong thdi, thong qua bat bien hinh hpc, sinh vien budc dau lam 
quen vdi viec xay dung hinh hpc theo quan diem bien hinh. Day la quan diem hien dai trong viec 
xay dyng hinh hpc, no giiip cho viec phan loai cac nhom hinh hpc khac nhau nhu hinh hpc xa anh, 
hinh hpc afin, hinh hpc Oclit dua tren bat bien cua moi nhom 
Tir khoa: Bdt bien hinh hgc, nhdm bien hinh, cap do phdt hien bdt bien, qud Irinh chirng minh, 
mdi trudng hinh hgc dgng 

DAT V A N D E 

Xay dung hinh hgc theo quan diem bien binh 
dugc dya tren y tudng gan hinh hgc vdi viec 
nghien cuu ve ly thuyet nhdm dugc nha loan 
hgc ngudi Due Felix Klein (1849-1925) khdi 
xudng 111' the ki 19, Ong da sap xep he thong 
cac phep biSn binh lai thanh nhung nhdm cac 
phep bien hinh khac dua vao cac bat bien cua 
m6i nhdm [2]. Theo dd, mgt tinh chal hinh 
hpc dugc khao sat xem nd cd lit bat bien qua 
nhom cac phep bien hinh nao dd hay khdng. 
Dua tren cac bat bien cua mdi nbdm cung vdi 
cac nhdm con cua chung ngudi la da sap xep 
he thong lai cac thd hinh hgc theo mgt quan 
d i lm mdi va hien dai [4]. Cu the, moi quan he 
giira cac nhdm bien hinh dugc sap xep theo 
quan he bao ham nhu sau: nhom xg dnh z> 

nhdm afin Z) nhom dong dang r? nhom doi 

hinh. Nhu vay, mdt hinh hinh hgc se la phan 
tu cua mdt ldp tuong duong nao dd, vi du nhu 
hai hinh bang nhau, hai hinh ddng dang vdi 
nhau hoac hai hinh la anh ciia nhau qua mot 
phep bi6n ddi afin hay biSn ddi xa anb. Dua 
tren hk b i ln cua cac nhdm bien hinh, chung 
ta cd th6 xac dinh dugc bai loan dang xet 
Ihugc hinh hgc cua nhdm bien hinh nao. Tir 
dd, cd th i dS xuat cac phuong phap giai bai 
loan mgt each hgp ly. 

* Tel: 097944622-4. Emad danhnam nguyent^hspln.edu.vi 

Bang I. Bdt bien ciia cdc nhdm biin hinh 

Nhom bien hinh Bat bien 
Ti so kep ciia bon diem 

Nhom xa anh thang hang, hang diem dieu 
hoa, ^^_^^ 
Ti so don ciia ba diem thang 

Nhom afin hang, sir thang hang, song 
song, dong quy 
Ti so dp dai doan thang. su 

Nhom ddng dang thang hang, song song, dp 
ldn cua goc. ^___ 
Dp dai doan thang, su thang 

Nhom ddi hinh hang, song song, vuong goc, 
d6ng quy, dp ldn ciia goc. 

Nghien cuu hinh bgc theo quan diem bien 

hinh de ticp can hon khi cac phan mem hinh 

hpc ddng ra ddi nhu: GeoGebra. Cinderella, 

Geometer ' s Sketchpad, Cabri Geometry, 

Autograph, GeoSpacw, . . . Cac pban mem nay 

ddng vai ird trong vice minh hga cac tinb chi t 

hinh hgc la bat bien qua phep bien hinb. Vi du 

nhu tinh chdt dong quy ciia ba dudng trung 

luyin trong lam giac khdng pbu thudc vao su 

thay ddi hinh dang tam giac la tinh chat afin, 

Trong mdi t rudng hinh hoc ddng. cbung loi 

phan biet bat bien tlnh va bat bien ddng. Bat 

b i ln tinh la nhung dai luong khdng ddi, cd 

djnh. Bat bien ddng la bat bien cua hinh cd su 

thay ddi ve vi tri qua mgt phep bien ddi [1], 
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P H A N LOAI C A P D O P H A T H I E N B A T 

BIEN HINH H O C 

Chung tdi giao cho n h d m g o m 67 s inh vien 4 

bai loan (bai loan 1 den bai toan 4) va yeu cau 

tim ldi giai vdi su hd trg cua phan m e m hinh 

hgc dgng. Sau dd chiing tdi lien hanh quan sat 

qua trinh giai bai loan, ghi Iai su chuyen ddng 

cua con trd, ban phim va ghi chu. Dya tren he 

thdng cau hdi (Bang 2) dugc thiet ke theo 

thang bac cua Likeri vdi cac cdt tu'ong u n g (1 

= Rat khdng ddng y, 2= Khdng ddng y, 3 -

Khdng cd y kien, 4 = Ddng y, 5 = Rat ddng 

y), budc dau chiing ldi da phan loai cac cap 

dd phat hien bat bien hinh hgc . Phan tich sd 

lieu tu baiig 2, mdt nhdm gdm 5 sinh vien dal 

dugc cac miic do phat hien bat bien khac 

nhau da dugc chgn de phdng van. 

Bang 2. Bdng tu ddnh gid cdp do phdt hien 

bdt bien hinh hoc 

Cau hoi tu danh gia 1 2 3 4 5 
Chi phat hien dupc cac b 
ma bai loan da cho 

t bien 

Phan biet dupc cac hinh bang 
2 nhau hoac dong dang vdi nhau 

Irong mpt hinh v 
3 Nhan ra cac bai bien tmh 

Phan biet dupc bat bien cua cac 
. phep bien hinh khac nhau nhu 

phep doi xuTig, phep tinh lien. 
phep quay 
Phat hien cac bat bien dong 
trong bai toan bang each keo re 

5 chuoi, do dac va kiem tra cac 
moi quan he vdi su ho tro cua 
phan mem toan hoc dong 

, Phat hien anh ciia mot hinh qua 
mpt phep bien hinh 
Phiit hien ra cac bat bien dong 

7 ma khong can sir ho trg ciia 
phan mem loan hpc dpng 
Phat hien su ton tai ciia cac phep 

8 bien hinh ma khong can su h6 
trg ciia phan mem toan hoc dpng 
Phan biet duac bat bien cua cac 

„ ki^i hinh hpc khac nhau nhu 
hinh hoc xa anh, binh hpc afin, 
hay hinh hpc Oclit 

Bai toan 1. Cho hinh binh hanh ABCD. Cac 

dudng phan giac cac goc A, B, C va D cSt 

nhau tao thanh tu giac MNPQ. Hay xac dinh 

hinh dang tu giac MNPQ1 

Hinh 1. Tnrdc khi phdt hien bdt biin 

Bai toan 2. Cho lam giac ABC. Dyng cac 

hinh vudng ABEF, BCMN, ACPQ ra phia 

ngoai tam giac ABC. Hay so sanh dien tich 

cua bdn tam giac ABC, BNE, CMP va AFQ. 

Hinh 2. Tnrac khi phdl hien bdt bien 

Bai toan 3 . Cho tii giac ABCD. D y n g ra phi'a 

ngoai tli giac nay bdn hinh vudng ADEF, 

BCMN, CDPQ va ADRS. Ggi O,, O2, O3, OA 

lan lugt la tam bdn hinh vudng tren. Chiing 

minh rang t rung d iem ciia cac d u d n g cheo ciia 

hai tli giac ABCD va O1O2O3O4 tao thanh mot 

hinh vudng. 

Bai toan 4. Cho tam giac ABC. Lay sau diem 

A,, A2 e BC; B,, B2 e CA; C,, C . e AB sao 
cho BA, = A/A2 = A2C, CB, = B,B2 = B2A, 

AC, = C1C2 = C2B. Sau dudng thang AAi, 

AA2, BB,, BB2, CC, CC, cat nhau tao thanh 
hinh luc giac MNPQRS. C h u n g minh rang ba 

d u d n g cheo cua hinh luc giac nay ddng quy. 
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Hinh 3. Truac khi phdt hiin bdt bien 

giac la hinh vudng ma khdng giai thich gi. 
Trong bai loan 2, SVI cung khdng nhan ra 
dien lich cua bdn tam giac bang nhau m^c dii 
dugc su dung phan mim hinh hgc ddng dl 
tuong tac vdi cac hinh. TSt nhien, SVI cilng 
khdng giai dugc cac bai loan khac. Chung tdi 
ket luan r^ng SVI dat cSp do 0 trong phat 
hien bat bien hinh hgc. 
Cap do I. Phdt hiin dugc cdc bat bien linh 
Trudc khi thao tac vdi cac hinh dgng, SV2 da 
nhan ra mgt so bit bien tinh nhu: AB =// CD, 
AD =// BC, ^A = ^C, ^::B = ZD va ZA + 
ZD = ZB + ZC= 180" Sau do, SV2 keo re 
cac dinh cua hinh binh banh va nhan ra tu 
giac MNPQ la hinh chu nhat. SV2 da kilm tra 
lai gia thuyet tren bSng each do do Idn gdc M 
va gdc N. Tu do, SV2 sti dung lap luan sau-
ZM = 180" - (ZADM + ZDAM) 

= 180" ~ 90" = 90" 

ZN = 180" - (y-CDN + ZDCN) 

= 180"-90" = 90" 

Hinh 4. Truac khi phdl hien bdt bien 

Dya tren Idi giai cac bai loan ket hgp vdi 
phong van chiing tdi cd dugc ket qua sau: 
Cap do 0. Khong phdl hien duac cac bdt bien 
hinh hoc 

SVl ve hinh nhung khdng the nhan ra bat 
bien hinh hgc nao, tham chi cac bat bien da 
cho hoac cac bat bien tinh (vi du nhu cac tinh 
chat ciia hinh binh hanh nliu trong bai loan 1) 
bdi vi SV nay khdng nhd cac tinh chat cua 
hinh binh hanh. Do vay, SVI kel Iuan rSng lu 

Hinh S, Sau khi phdl hien bdt hten 

Ro rang, kha nang phat hicn ra cac bat biln 
lmh giup SV2 de dang giai bai loan I. Tuy 
nhien, d bai loan 2, SV2 cbi nhan ra dugc 
dien tich ciia bdn lam giac bang nhau va nhan 
ra dugc dang thuc BC = CM, nhung khdng 
the phat hien ra bat biln AH = PI hoac AAHC 
= APIC. SV2 khdng the phal hicn ra cac bai 
bien ddng nay va vi vay khdng the giai dugc 
bai loan 3 va 4. Chung ldi kel luan SV2 dat 
cap do 1 Irong phat hien bai bien hinh hgc. 
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Cap d6 2. Phdt hien duac cdc bdt biin dong 
SV3 ve hinh va keo re cac dinh cua tam giac 
ABC. SV3 tim cac bat biln va suy doan rang 
dien ti'ch cua cac tam giac la bang nhau. Sau 
dd, SV3 kiem tra dy doan tren bang each su 
dyng phan mem hinh hgc dgng de do dien 
ti'ch cac tam giac. Ddng thdi SV3 cung nhan 
ra duoc BC - CM va can phai chi ra AH - PI 
de cd the ket Iuan dien tich cua tam giac ABC 
bang dien tich cua lam giac CMP. Tir do, SV3 
phat hien ra bat bien dgng sau: AACH luon 
bdng APCI. Hon nua, SV3 ciing nhan ra rang 
AACH la anh ciia APCI qua phep quay tam C, 
gdc quay 90" nhung khdng the chung minh 
dugc dieu nay, Dieu do cd nghia la SV3 da 
nhan ra dugc bat bien nhung khdng the chiing 
minh dugc. 

Hinh 6. Sau khi phdt hien bat biin 

Tuong ty tinh hudng d bai loan 3, SV3 phat 
hien ra bat bien 0^02 = DiOi, DiO^ = DiOj 
va AD1O3O1 = AD1O4O2 nhung khdng the 
chi ra rang ton tai phep quay tam Z)j, gdc 
quay 90" bao loan hinh dang ciia cac tam giac 
nay, Chiing tdi ket luan rang SV3 khdng the 
nhan ra phep bien hinh nao bao loan bat bien 
do va khong xac dinb dugc sy tdn tai cua 
phep bien hinh trong bai toan. Do vay, SV3 
dal duoc cap do 2 trong phat hien bat bien 
hinh hgc. 

Cap do 3. Phdt hien duac phep bien hinh bdo 
lodn bdt biin hinh hoc 

Trong bai loan 2, SV4 chi ra duoc rang 
Ql° (APIC) = AACH ^ AH = PI ^ dien 

tich ciia tam giac ABC bang dien tich cua tam 
giac PCM. Tuong tu, SV4 chiing minh dugc 
cac tnrdng hgp khac. Trong bai toan 3, SV4 
bat dau tim hudng giai bang viec them mdt so 
hinh phy, do do dai mgt sd doan thang. SV4 
su dyng phep quay 
QI°°(A) = E, QI°\N) = C va tim ra bk 

biln AN=1 CB va suy ra DjOa =-1- D^O^. 
Dieu nay cd nghra la da chi ra dugc 
Q^°''(Oi) = O-i. Tuong tu, SV4 chung minh 
dugc(5 |° ' ' (03)-04-

Hinh 7. Sau khi phdl hien bdt bien 

Trong qua trinh phan tich, SV4 khdng the giai 
thi'ch lap luan ciia minh bang chii va nhan ra 
phep quay 

9o'°(A^i030i) = AZ31O4O2 ^ QlT(cd = 

va QlT(Ai) = Cl (2). Tir (I) va (2) SV4 kit 
luan rang tti' giac AiB,CiD, la hinh vu6ng_. 
Tuy nhien, trong bai toan 4, SV4 khdng the 
nhan ra dugc cac tinh chat afin. Vi vay, SV4 
cd gang chung minh cho tam giac ABC bat ki 
nhung da that bai. Dieu do cd nghTa la SV4 
khdng the nhan ra hk bien cua hinh hgc afin. 
Chung tdi ndi rang SV4 chi dat cap dg 3 trong 
phat hien bat bien hinh hgc. 
Cap do 4. Phdt hiin dugrc bdt biin cua cac 
loai hinh hoc khdc nhau 
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Trong bai toan 4, SV5 keo re cdc dinh cua 
tam giac ABC va tap trung quan sat hinh luc 
giac. SV5 nhan ra ring cho du hinh dang cua 
tam giac ABC cd thay ddi nhu thi nao thi cac 
dudng cheo cua hinh luc giac vin dong quy. 
Tir do, SV5 nhan ra rang tfnh ddng quy cua 
cac dudng cheo nay la mgt tinh ch5t afin. Do 
dd, sinh vien da su dung tuong duong afm de 
giai bai loan nay. Dieu do cd nghia la bai loan 
cd the dugc chung minh trong hinh hgc Oclit 
doi vol trudng hgp tam giac ABC diu. 

Hinh 8. Sau khi phdt hiin bdt bien 
Tir dd, SV5 gia su rang tam giac ABC la lam 
giac deu. Trudc rien, ta cd ABB/C = ACC2B 
va ABB2C = ACC,B => ZQBC = ZQCB, 
ZMBC = ZMCB =>QB = QC, MB = MC ^ 
Q, M nam tren dudng trung tryc ciia doan 
thSng BC. Tuong ty, SV5 chiing minh dugc 
riing cac dilm R, N vkP^S lan lugt nam tren 
cac dudng trung tryc cua cac doan thang AC, 
AB. Tir dd, SV5 kit luan rSng MQ, NR. PS 
ddng quy tai diem O. Trong bai toan nay, 
SV5 da chiing minh tnrdng hgp dac biet yong 
hinh hgc Oclit va suy ra trudng hgp tdng quat 
Uong khdng gian afin. Chiing tdi ket luan 

Bang 3. Kit qud khdo 

rang SV5 dat dugc cap do 5 trong phat hien 
bat bien hinh hgc. 
KET QUA NGHIEN CUtl 
Bang 2 nham phan Ioai cac cap do phat hien 
bat bien cua cac loai hinh hgc khac nhau 
(hinh hgc Oclit va hinh hgc afin) trong mdi 
tnidng hinh hgc ddng. Chung tdi nhan thay 
rang, cac bat bien sau day cua cac phep bien 
hinh cd the dugc phat hien vdi su hd Ua ciia 
cac phan mem binh hgc ddng: tinh bdo todn 
do ddi dogn thdng, do lan goc, cac hinh bdng 
nhau, str thang hdng. tinh song song, vuong 
goc. dong quy, li so do ddi dogn thang. 
Bang 3 chi ra kel qua Ua ldi bang cau hoi da 
dugc phan loai Iheo 5 cap do phat hien bat 
bien hinh hgc. Mgl sd il SV chi dat cap dp 1 
(cau hdi 1, 2, 3). Hau het cac SV dat cap do 2, 
CO nghra la chi nban ra dugc cac bat bien linh 
va cd the phat hien mdt so bat bien ddng vdi 
sy ho trg ciia pban mem hinh bgc dgng. Bang 
yen cdng chi ra rang cac SV dal dugc cap do 
4 (cau hoi 9) nhung chua chac da co danh gia 
cao d cap do 3 (cau boi 6, 7, 8). Day la khd 
khan cua SV trong qua trinh chiing minh hinh 
bgc, SV gap han che trong qua trinh chuyen 
nhiing y tudng, hinh anh trong dau thanh ldi 
viet cbo chung minh bang suy dien. Do vay 
cd the ndi, moi quan he giira cac cap do nay 
khong nhat thiet la quan be ihu bac He so 
tuong quan giiia cac cau hdi tuong ddi cao, 
dac biet la cau hdi 8 va cau bdi 9. Dicu nay 
chi ra rang cac SV cd the pbai hien ra cac 
phep bien ddi hinh hgc dya vao cac thao tac 
tri tue, dya vao sy tudng tugng, phan tich 
hinh anh trong dau thi hg ddng thdi ciing cd 
kha nang phat hien ra cac bat bien thudc cac 
loai hinh hgc khac nhau lot hon (he sd tuong 
quan a = 0.854), 

sdt cdu hdi a Bdng 2 

Cau hoi 

Diem trung binii 

Phucmg sai 

1 

4.14 

.714 

2 

3.46 

.628 

3 

3.31 

719 

4 

3.58 

.920 

5 

3.86 

1.046 

6 

3.17 

890 

7 

2.31 

.908 

8 

2.19 

926 

9 

3 17 

1 12 
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Chiing tdi cung nhan thay rang neu SV nhan 

ra cac bat bien ddng (cap do 2) thi hg cung 

de dang hon trong viec phat hien ra cac phep 

bien ddi hinh hgc (cap do 3) (he sd t uong 

quan a = 0.835). Ket qua cung cho thay cac 

SV dat dugc cap do phat hien bat bien hinh 

hgc cao thi co the de dang hoan thanh ldi 

giai 4 bai loan de dang hon (he sd lirong 

quan a > 0 8. Sii dung k iem nghiem 

Wilcoxon cho cac nhdm sinh vien tham gia 

vao nghien ciiu nay, chung tdi ket luan rang 

cap do phal hien bat bien binh hgc ciia nhdm 

da tang len dang ke sau khi n h d m d u g c lam 

quen vdi p h u o n g phap tim tdi ldi giai cua bai 

loan vdl su hd trg cita cac phan mem hinh 

hoc ddng, dudi day la ket qua kiem nghiem 

ciia mdt sd cau bdi ty danh gia trong bang 2: 

cau hoi 3 (Z = -5 .000. N = 67, p < 0,01); cau 

hdi 6 (Z = -5 892, N = 67, p < 0.01); cau hdi 

7 ( 2 = -5 .425, N = 67, p < 0.01) va cau hdi 8 

(Z = - 3 . 8 0 0 , N = 67, p < 0.01). 

KET LUAN 

Nghien ciiu da phan loai cac cap do phat bien 
bat bien hinh bgc trong qua trinh chirng minh 
bill loan, Vdi sy hd trg ciia cac phan mem 
hinh hgc ddng, viec pbat bien cac bat bien ciia 
cac Ioai hinh bgc khac nhau trd nen de dang 
hon, dong tbdi nhijng bat bien pbat hien dugc 

giup S V cd the thu thap them du kien, hinh 

thanh cac gia thuyet , nay sinh y t udng chting 

minh, ket ndi nhirng lap luan logic va viet Idi 

giai bai loan bang chi ing minh suy dien. Ket 

qua nghien c u u ciing cho thay, mdi trudng 

hinh hgc ddng cd kha nang giiip SV nang cao 

cap do phat hien bat bien hinh hgc tii cap do 1 

den cap do 3 (hoac 4) . d cap do cao, SV tham 

chl khdng can sy hd t rg ciia phan mem hinh 

hgc ddng van cd the phat hien ra cac bat bi6ii 

hinh hgc phuc vu cho qua trinh chung minh 

bai toan hinh hgc . 
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